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INTR ODUOTIO N. o

. Tax regular and. almost uniform variations which - meteorological tables exhibit,
indicate -a ‘periodical cause of changé;’ which evidently ‘resides in the sun. The -
“inquiry then' atises,’may not these variations be determined by theory. from the
“apparent course of the sun? _ The first part of ‘the: present  investigation thus sug-
gested by inspection of monthly:temperatujes, was, published. in Silliman’s Journal
of Science for.1850.  Since,then, considerable extensions have- been made; includ-
~ ing” e)ipféssidhs;'fox‘. annual:values; a view of “the whole of .which is givén in-the.
" following pages.” At some future time, the researches may be resumed in another
series, - R Sl - ' .

_ The object of the investigation here presented, is to resolve the problem of solar .
heat and light, to the extent of “the principle, that-the intensity of the sun’s rays; '
like gravitation, varies inversely as the square of the distance, without resorting to .
_ any other hypothesis. The principle.is ‘but -a -geometrical - consequence of .the
divergence of the rays. - This clementary view thus presents the sun:shining upon
~a'distant planet, and indicates the sum of the “intensities  received- at'the planet’s

surface in all its various phases of ‘position and inclination. ‘ :

Tn relation to the earth especially, the sum of the intensities must be referred to
the exterior limit of the atmosphere which surrounds the globe. This condition,
which is perhaps necessary in’ the present-state of science, has- the -advantage of
_rendering the formulas as rigorously accurate as are the propositions of geometry
and the conicsections.” ~ - & oo T e

.~ Poisson;'in 1835, observed that, « for the completion of the theory of heat, it is

" necessary that it should comprise the determination of the movements produced in
acriform fluids, in liquids.and even in solid bodies; but geometers haVe,not; yet
resolved this order of ques%ions, of great difficulty, with which are connected the
ph'enbnienafof the trade-winds, of certain’ currents observed in the sea, and. the
_diurnal ‘variations of the barometer.” The subject is believed to be now included
_ among the prize questions of the French Academy, and in the -increasing number
of researches; it is-hoped that-its difficulties may at length be effectively obviated. -
The laws of Solar Intensity here derived & priori, have a general accordance with
physical phenomena, and will furnish instructive comparisons with analogous
values obtained by meteorological observations. - The. changes of the sun’s inten-

sity upon the inaccessible regions’ of the Pole will be included, to which the late
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Arctic explorations have given unusual interest. And, among other advantages,
light ‘will be thrown upon geological researches relating to changes of the heat of ,
the globe at very remote epochs, - R :

It will be proper also to observe, that the method of summation, of which exam-
ples are given in the fifth and ninth sections, is. more simple and direct than the
process of discontinuous functions. - The general reader, however, passing over the
algebraic analysis, which is but a' means for carrying out the leading conception
already stated, will find the - conclusions which flow from it plainly discussed in
the remaining paragraphs of the several sections, and illustrated by tables and the
accompanying ctirves. o : : : ’ )
At the close, the course of investigation has led to the development of a peculiar
inequality in the annual duration of sunlight. The like series of values for the

~ duration of twilight is also new, and will not be-devoid of interest. - But the main
design has beén——'idistinguishing' between - the sun’s intensity and terrestrial tem-
- peratures—to carry out one corzprehensive principle, by which the laws of the
sun’s intensity of heat and light are obtained to some degree of completeness, as a
- system, embracing the following topics in’ order:— v Ll

SectioN 1. Irradiated Surface upon the Planets—Zone of Differential Radiation;
its Breadth and Area; its Extension by Refraction; .its Changes of. Position.

" Secrion IT. - The Sun’s Intensity upon the Planets, in relation to their Orbits.—
Intensity proportional to the true longitude described. = Tableé of Relative Intensity
in equal times and in entire revolutions. - Resémblance of the Earth to. the planet

-

Mars. Equality of Intensities during the four Seasons." .

SrorioN IIT. Law of the Sun’s Intensity at .any Instant during. the day.—1It is -
proportional to the length of a perpendicular: line from the Sun’s Centre to the
Horizon. -The -Atmoslphere.fCauses of Climate. - e A

* Seorion IV, The Sun’s Diurnal Intensity.—1It depends-on the Latitude, the
- Sun’s Declination, ‘Hour-angle, - and ‘Distance, ~Intensity upon the North Pole,
during Summer, greater than upon the Equator. ‘Graphical comparison. of Inten-
sities with Temperatures.” Average Rate of Solsr Intensity per hour. Retardation
of the-effects of the Sun’s Intensity. Indication of Equatorial, Tropical, and

Polar Calms. =~ -

- SecrioN V. The Sun’s -Anhual‘Inteﬂsz’ty.—‘-Foi'mula for the Summation of Series
demonstrated. The Annual-Intensity is measured by three - Elliptic “Functions.
Tabular Values. - Annual Intensity upon the Polar Circle equal to one-half of that
~uponthe. Equator. Analogy with tlie line of perpetual Snow. Graphical com- -
parison of ‘annual Intensities with annual Temperatures. ‘ Tt

SECTION VI b,AyverdgefA'mzua‘l Intensity upon a part or the whole "of the Earth’s
Surface. . B RS P , N

3



INTRODUCTION. o

Skcrion VIL Secular Changes of Intensity y.—Spots on the Sun’s Disk. Lever-
- rier’s secular values of the Eccentricity connected with slight changes of Inten51ty
Tabular differences of annual Intensity 10,000 years ago ﬁom the present amount.
Intensity during. Summer and Winter influenced by the place of the Earth’s
- Perihelion. Change of Intensity since the time of Hipparchus, 128 B. C. Con-
clusion that ‘great Geological Changes must be referred to other causes than the
Secular Inequalities of the Earth’s Orbit. = A probable result of the motion of the .
whole Solar System in space - A ' -

SECTION VIII Local and Clzmatw C’/Langes ——More equable Intens1ty in the
Northern Hemisphere. A slight local inequality produced by daily change of the -
Sun’s Declination. Of the Maximum and Minimum, or mid-summer and mid-
- winter Intens1ty ‘Climate of the Pole.. The questlon of an open Arctic Sea

SkcrioN IX.. Dumtzon of Sunlzglzt and Twzhgkt —Perturbatlon of the annual,
" Duration of Sunlight—its Epochs—its Analytic Expression. Of Civil and Astro-
nomic Twilight. The Twilight Bow.. Height of the Atmosphere calculated from
Twilight. Limits. of Twilight. Formulas for its Annual Duration. Tables of
_ the Diurnal and Annual Values for the Northern Hemlsphere Delineations by
Geometrical Curves. . ' c
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-tor, or distance of the planet s -

~ the sun, and PA =r, the ra- ’

ON THE

RELATIVE INTENSITY OF THE HEAT AND LIGHT OF THE SUN.

SECTION I
ON THE PROPORTION OF A PLANET S SURFACE WHICH IS IRRADIATED BY THE SUN o
AT ANY GIVEN TIME. k

- Iris ev1dent that the extreme rays proceedmg from the sun to the planet are
‘tangent to the two sphe1es, as shown in the annexed diagram; where § denotes

i

the. centre of the. sun, and P
that of - the planet
Let PS= -p, the radius-vec-

-

centre from that of the sun. .-
Let ST R, the radms of -

dius of the planet 1egarded as
a sphere. -

. Through P,let a plane be ‘ S :
drawn perpendicular to PSS, and dividing the planet’s sulface 1nto two equal hem1-
spheres. The sun, being the greater body, 1llum1nates not only the adjacent hemi-

" sphere of the planet, but also the zoné or belt, AC, l)lng beyond which may be

called the Zone of dzﬂerentml radiation. e
“TLiet the angular breadth of this zone APH = z, and drawmg AN or p parallel

~ to PS; the angle TAN is obviously equal to APH or z, since the including sides

of the one ‘angle are respectively perpendmular to' those of the other, and, therefore,
have the same relative inclination. ‘Then, in the tr1angle ATN wh1ch is rlght
angled at T, by the cond1t1on of tangency,

P B )

Csin TAN = v or sin z=

That is, ﬂw sine of the an_qular breadth of the zone of” dy?erentml radiation is
equalto the dq?erence of tke radii of the sun and planet dwzded b_y the mdzus-vector.

“of the planet’s orbit.

To express this value in another form, let’ A denote the _semi- transverse axis of
the planet’s orbit, or its mean distance from the sun; let e denote the ratio of
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eccentricity, and 0 the true anomaly estimated from the perihelion ; then, by
. _Al—e) S ‘
Analytlcal Geometry, P=T3 e’ and hen‘ce,‘
sin z = (B—1) (1 + ¢ cos §) ;
| | Sin 2 = A0—a — = (2) e

Here for special values, making cos § successively equal to —e, + 1, — 1, and

cancelling factors, we obtain for the values of sin z in order:— B

: ' R—r
R—r '

. . . R—r-

o | I\Pmmum, sin z == ( I,Te)' | |
Again, taking the length of arc'z in the circle whose radius is 1, the breadth of
the differential zone upon the planet will be 7z ; but since, for ‘all the planets, # is
less than 1°, its sine may be substituted from either of the former equations, and
the same value essentially is represented by e o

R * Linear breadth of zone —r sin 2. -~ - 4)

It is-also proved in Geometry that the surface of a sphere whose radius is 7, is
‘equal to 412 5; 7 dendting 3.141592; and that the surface of ‘a spherical zone'is
equal to its altitude multiplied by 2+ 7. Now, the altitude of the zone of - differ:’
ential radiation is, in ratio to that of the whole planet, as sin zt0 2, or ¥ sin z to L.
Hence, representing the whole area of the planet by 1. o

Average, sinz—

. S Maximum, sin 2 —

The proportion of irradiated surface = §'+ ¥ sin 2 (5) :
Whole surface irradiated = (2 + # sin2) 4rn. - (6)

'~ Surface of the zone = 2125 sin.z. 1)
If r be taken in miles, the area will be given in square miles, . o
The following table exhibits some of the primary phases of solar Intensity upon:

the planets; and was obtained y substituting the proper astronomic elements in

formulee (3), (4), and (5). B : R ~ SRR, =

Lo Averago breadth | @ reatest bréadih i Teast b!re‘aiith‘ Proportion of
PLANEL. ofg zone, G of zone, " “of zone., - surfacg irradiated. :
L © Miles, " Miles, " Miles, * R
Mereary - -, . .1 17,89 $929.823 ©. 14,96 . 1505991
Venus .., . e e - 61,12 - 6L.54 - |- . 6040 .503190
Earth . R A 18.29 - ~18.60 . 17,98 - .500231
Mars e e, Vo642 0 qoon o0l 5.87 -.500152 . .-
- Vesta . . . . .26 . .28 . 24 - .500980 ..
Jupiter . S . . . 3487 .36.62 | 3398 F 500404
Saturn . ., . . .. 18.17 - 19.25 - - 17.21 .500222
Uranus - °. . e Y N © 420 T 8.83 500117
Neptune . . . . 6.14 . 6.19 . 6.08 .| . 500087

In obtaikning.th\rese-tabular resﬁits, the earth’s mean distance from the sun was
taken at 95,273,870 miles, and its radius at 3,962 miles. - - -
It will be perceived that':the vast magnitude of the sun brings advantages of
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temperature and sunlight similar to those which the preponderance of its mass
gives to.the steadiness and uniformity of the planetary revolutions. Were the
same amount of heat and light, radiated from a smaller body like the Moon, the
effects would be restricted to a smaller portion of the Earth’s surface; and the zone
of differential radiation would be reversed ‘to one of cold and darkness; But in
the present beneficent arrangement, light and heat preponderate, counteracting
extremes of heat and cold with -a warmer temperature.  And this effect is further
prolonged by atmospheric refraction and reflection of the rays, which, rendering
the transitions more mild and gradual, lessens the reign of nigh ‘
“To -estimate’ this effect of the Refractivn of Light, we have only to find two
points on the spherical surface of the earth, at such distance that the inclination
of the two tangent rays from the Sun falling on them, shall be just equal to the
horizontal refraction, 'The terrestrial radii drawn to these points will evidently be
inclined at the same angle as their -tangents, which is 34 nearly, or 40 English
‘miles. . Thus it .appears ‘that the effect of refraction in widening the irradiated
zone of the earth is more than twice as gredt as that arising from the apparent
semi-diameter, or the mere size of the sun. Uniting the two effects, the sun is
found to illuminate more than half. the Earth’s surface by a belt or zone that is 58
miles in width, encircling-the seas and continents of the globe. ,
‘The advantage of the vast size of ‘the ‘sun is most conspicuous upon the planet
Venus, our evening and morning star, where the belt of illumination is sixty-one
miles in width, as shown in the preceding table. The next in rank is Jupiter,
whose belt of greater illumination is thirty-five miles wide ; while those of Mercury,_
the Farth, and Saturn, are nearly eighteen. miles in breadth. In the last column
of the table, it will be observed that.the asteroid Vesta, though situated beyond
Mars, yet has, in consequence of its smaller size, a greater proportion of illuminated
surface than the Earth, ~*~ - - R R B
~ From formula (7), it is found that the zone of differential illumination upon the
Earth extends over 455,400 square miles; or, including the additional area due to
" 34 horizontal refraction, it comprehends an aggregate of 1,430,800 square miles of
surface. The position of this great zone is continually changing, and in twn it
ovérspre'adsk, every island, sea, and continent. ‘At the “vernal equinox, when the
Sun is vertical to the Equator, it will readily be perceived that the larger base of -
this zone is a great circle passing through the Poles and having the Earth’s axis
for its'diameter. From this position it gradually diverges, till at the summer
solstice, one extremity of its diameter will be in the Arctic, and the other in the
Antarctic circle. Thence it gradually returns to its former position at the Poles at
the autumnal equinox, all the while revolving like a fringed circle around the
“globe, and accompanied with the lustrous tints and shadows which variegate the
dawn and close of day. ’ Lo /
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SECTION II:
LAW OF THE SUN’S INTENSITY UPON THE PLANETS IN RELATION TO THEIR ORBITS, .

TEE preceding Section represents the Sun’s action upon a distant planet at a
given distance, or at rest, Tt is here proposed to examine the effect when the
distance is variable; that is, supposing the planet to commence its motion from a
state of rest,in an elliptical -orbit, to determine the intensity received during its
passage through any part, or the whole of its orbit, ‘ : ;

In the annexed figure, let S denote the Sun situated in one focus ; Pthe Planet’s

BN ¢ o Tposition at'a given time; A, the perihelion

or point in the orbit nearest the sun, and

B; the aphelion or point farthest from the
- sun, : - o ,
Let SP or p denote the radius-vector ;
ASPor, the true anomaly; e, the ratio
of eccentricity; "and a+nt, the mean ano-
~maly; 'n;vbeingvthe mean motion in the unit

of time, . , o

If A denote the semi-transverse axis, it is
~well known that A2 v T-—¢ will express
o _ the whole area of the ellipse, and f 1p*d0,
the area of the elliptic sector corresponding to 0, where x denotes 3.14 1592, or a
semi-circumference. ‘Hence by Kepler’s law, that equal areas are described by the
radius-vector in equal times, » . , '

A*n v 1——'e2':f% PPdO:: 2 a4 at.

Reducing to an equation and differentiating,

R L ®)
P APndt 1 — 22 »

Since heat and light vary inversely as the square of the distance p, the second
member evidently measures their intensity at any instant. Then, ‘as pointed
out.in the Calculus, we ‘may regard the second member as the ordinate, and
the time # as the abscissa of a curve,” Multiplying the' equation by dt, there.
fore, and integrating between the limits of any two anomalies, 6 and ¢, we obtain
* for the sum of the intensities,. R o

: J}zdt:J_L.v (9)

A’nv1—¢

]

In interpreting this result, we know that the orbitual motion of a planet is not
uniform, being accelerated in perihelion and retarded in- aphelion..  Hence, in the
annual variations of radius-vector, the Farth does not receive equal increments.of
heat and light in equal times ; but the amount received in- any given interval, is
exactly proportional to the true anomaly or true Longitude described in that interval.,
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This important law. appears to have been ﬁlst pubhshed in the Pylometly of
Lambert. , '

This point being established, let us, in the next place, compare the intensities
received by the Planets during entire revolutions in their orbits. In’the preceding
formula, making §—0’ equal to an entire circumference, the sum of .the 1ntens1t1es

2

1*—_:. Let this refer to
A?nv 1—e* : .
2n

AP wv1—¢?
n,%', being inversely proportional to the planets’ periodic times, we have by the third
3 3 3 .

law. of Kepler, n*:n?:: 4% : 4% or nAi= w A% Whence by substitution and
" division, we obtain for the relative intensity upon any planet in an entire revolution,
4 4 (1—‘32)
w A (1= .
In like manner, the ratio of intensity for equal times, depending s1mply on the
inverse square of the distances, will be represented by
T . o ’ w o A2 - .
Co vty - | (11).
With these last- two formulas, the followmg table has been prepared from the
usual astmnomlc elements —_

during a complete revolution, is found to be # =

Now

the earth, and aceenting the values for aﬁy other plaﬁet, =

- (10).

'The Sun’s Relative Intensity wpon the Principal Planets. .

IN EQUAL TIMES,
PLANET. In A wnone :

TEVOLUTION: Mean Distance. " Perihelion. Aphelion.
Mercury e . 1.643 6.677 . 10.573 . 4.592
Venus . J C . 1.176 1.911 - 1987 1.885
Earth .. . . .. -1.000 1.000 - | . - 1.034 0.96%7
Mars ~ . . . .. .813 .431 - 0.524 -0.360
Jupiter . . . . “ ©.439 - .037 .041 L0344
Saturn.’.. . . . . .324 Lo .011 () 010
Uranus . . . . . . .228 .003 . -.003 .003
. Neptune . . . . .182 - .001 - T 001 .001

It should be obse1ved that the fmegomg table does not take accowt of the
different dimensions of the planets, but refers to a unit of plane surface upon their
disks, which is exposed pelpendlculmly to the rays of the pe1petua1 sun. Upon
the disk of Mercury, the solar radiation appears to be nearly seven times greate1
than on the Earth; while upon Neptune, it is only as the one-thousandth part, in
equal times. Tn entire revolutions, however the 1ntens1tles 1ece1ved W111 be seen
to apploach more nearly to equality. . :

The intensities are thus unequal;’ and by a caleulation founded: on the apparent
brightness of the planets as estimated by the eye, Prof. Gibbes-has shown, in the
‘Proceedings of the American Association for the Advancement of Science for 1850,
that the reflective powers are also gleater, accor dmg as the several planets are more
distant from the Sun. : -
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Another feature worthy of mention, is the resemblance of the earth to the planet
Mars ; upon which Sir W. Herschel has remarked: « The analogy between Mars
and the Earth is, perhaps, by far the greatest in’ the whole solar system. The
diurnal ‘motion is nearly the same, the obliquity of their respective ecliptics not
very different ;" of all the superior planets, the distance of Mars from the Sun is by
far the nearest alike to that of the Earth; nor will the length of the Martial year
appear very different from what we enjoy, when compared to the surprising duration
of the years of Jupiter, Saturn, and Uranus, If we then find that the globe we
inhabit - has its polar region’ frozen and ‘covered with mountains of ice and Snow,
that only partly melt when alternately exposed to the sun, I may well be permitted
to surmise that the same causes may have the same effect on the globe of Mars;
that the bright polar spots are owing to the vivid reflection of light from frozen
regions; and that the reduction of those spots is” to be ascribed to their being *
exposed to the sun,” NP TR :

Recurring now to equation (9) and the proposition following, it will readily be
inferred that during each of the four astronomic seasons of Spring, Summer, Autumn,
and Winter, the intensities received from the sun are precisely equal. For in each
season, the earth passes over three signs of the zodiac, or a quadrant of longitude.

- The equality of intensities, however, applies to the entire globe regarded as one
aggregate, and is consistent with local alternations, by which it is‘summer‘in the
northern hemisphere when it is winter in the southern. ‘Deferring the consideration
of these local inequalities, however," we may here illustrate the connection of the
seasons with the elliptic motion from an ephemeris. - In the year 1855, for example,
spring in the northern hemisphere, commencing at the vernal equinox March 20th,
lasts eighty-nine days; summer, beginning at the summer solstice June 21, con-
tinues ninety-three days; autumn, commencing at the equinox, Seﬁtember 23, con-
tinues ninety-three days; and winter, beginning ‘at the winter solstice, December
22, lasts ninety days; yet, notwithstanding their unequal lengths, the amounts of
heat and light which the whole earth receives are equal in the several periods.!

At the present time the earth is in perihelion, or nearest the sun about the 1st
of January, and farthest from the sun on'the 4th day of J uly. A special cause
must, therefore, be assigned for the’ striking fact which Professor Dove has shown
by comparison of temperatures observed in opposite regions of the globe, namely:
‘that the mean temperature of the habitable earth’s surface in June considerably
exceeds the temperature in December, although the earth in the latter month is
nearer to the sun. = This result is attributed by that meteorologist to the greater
quantity of land in the northern hemisphere exposed to the rays of the sun at the
summer solstice in J une; while the ocean area has less power for this object, as
it absorbs a large portion of the heat into its depths. Had land and water been.
equally distributed; in’ other words, were the earth a homogeneous ‘sphere, the
alleged inequality of temperature, it is obvious; would never have eéxisted., . _

. * Since the earth is not strictly a  sphere, but an oblate spheroid, it evidently presents its least
section perpendicular to the rays of the sun at the equinoxes. As the sun’s declination increases, the
section also. increases .and attains its limit at the solstice. The variation, however, appears to be not
material, and compensates itself in ecacli season.” ‘ :

-
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"SECTION III.
LAW OF THE SUN’S INTENSITY AT ANY INSTANT DURING THE DAY.:

THE rays which emanate from the Sun’s disk into space proceed in diverging
lines in the same manner as if they issued directly from the centre. And,on
arriving at the Earth, their 1nten51ty as before. stated will be 1nvelse1y propmtmnal ,
to the square of the distance. S :

But the more obvious phenomena of sola1 heat and light are mamfested to us
under a secondaly law. The Sun’s intensity first becomes sensible in the eastern
Tays of morning; it gradually increases to a maximum during the day; it declines
on the approach of the shades of evening, and becomes discontinuous during the
night.  On the morning following the same course is renewed, and continued suc-
cessively through the year. Oxdinary sensation and experience lead us to associate
the degree of solar heat at any part of the day, with the apparent height which the
sun has then attained above the horizon. Indeed, theory determines that at four
in the afternoon, or any other instant during the day, the Sun’s intensity is propor-
tional to the length of a perpendicular line dropped Jrom the Sun to the plane of
the apparent horizon, or varies as the size of the sun’s altitude. :

The reason of this secondaly law will be understood by regarding - the beam of
solar rays which traverses in a line from the sun to the observer, to be resolved,
according to the parallelogram of forces, into a horizontal and a vertical component.
‘The horizontal component running parallel to the earth’s surface is regarded as
.inoperative, while the vertical component measures the direct heating effect.

This relation is more fully shown in the annexed figure, where 4 denotes the
sun’s apparent altitude above the horizon.. The sun’s intensity or 1mpulse in an
oblique direction will be measured by the inverse square of  the distance, or the
direct square of the sun’s apparent semi-diameter A, 1If, therefore, A2 denotes the
intensity of the rays in a straight line from the -
sun, A’sin A,. will be the 'Lertzcal component or
heating force of tlze'mys ~And these terms being
in ratio as 1 to sin A, the latter component will
be 1ep1 esented by a perpendicular line from the | ‘ _
sun’s centre to the horizon. o : : B K sia.

‘Instead of thus decomposing the intensity after =" 4
the manner of a force in Mechanics, as first pro-
posed by Halley, in 1693, the same law may be obtamed in an entirely dlffcrent
way from the principle of the inverse square of the- distance. The latter mode
appears. to present it in a more evident.light, and was suggested in the original
~ beginnings of the present investigation, which were published in Silliman’s Journal
of Science for the year 1850. ,

It proceeds as follows:— R R .
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Let L = the ‘apparent’ Latitude of the place,
D = the sun’s meridian Declination, -
A = the sun’s apparent ‘semi-diameter;
4 = the sun’s Altitude, and
H = the Hour-angle-from noon. -
Also in reference to future applications, let
- T'=the sun’s true Longitude, and
- © = the obliquity of the Ecliptic. - ‘ ‘
“The horizontal- section of ‘a-cylindrical beam of rays from the Sun’s disk upon
a plain on the Farth’s surface, is well known to be an ellipse; and if 1 denote the
sun’s radius, 1 will likewise denote the semi-conjugate axis of this projected ellipse;

while the horizontall projection, E-inl_A’ W111 be the semi-transvgrse axis. The area
of the elliptic projection is, therefore, 1 x §MLAX 7. But the intensity of the same
quantity of heat being inversely as the space over which it is diffused, the reciprocal
of this area, or sin 4, on rejecting the constant 7, will express the sun’s heating
effect; supposing the distance to be constant for the same day. But, on comparing |
one day with another, the intensity further varies inversely as the square of -the
distance, that is, directly as the square of the apparent diameter or semi-diameter
of the disk. Hence, generally, A?sin A, expresses the sun’s intensity at any given
instant during the day. - ST e S SRR
To determine the value of sin A, by spherical trigonometry, the sun’s angular
distance from the pole, or co-declination, the arc from the pole to the zenith, or
co-latitude, and the included hour-angle from noon are given to find the third side
or co-altitude. Writing, therefore, sines instead of the cosines of their com-

plements, v SR
' sin A = sin L sin D + cos L cos D cos H. .
: Asin A= A?sin Lisin D+ Atcos L cos D cos H, (12

At the time of the equinoxes, D becomes 0, and the expression of the sun’s
intensity reduces to A®cos L cos H. -That is, the degree of intensity then decreases
from the equator to each pole, and'is proportional to the cosine of the latitude. At
other times of the year, however, a different law of distribution prevails, as indicated
by the formula: - o SR S R

The intensity at a fixed distance being as the sine of the altitude, it follows that
the sun shining for sixteen hours from an altitude of 30°, would exert the same
heating effect upon-a plain, as when it shines during eight hours from the zenith ;
since sin 30° is 0.5, and sin 90° is 1. At least, such were the result independently
of radiation. ‘ B - o

By some writers, the measure of vertical intensity, as-the sine of the sun’s alti-
tude, has been stated without limitation. Approximately it, may apply at the
habitable surface of the earth, when the influence of the atmosphere is neglected;
yet it is strictly true only at the exterior of the atmospheric envelope which encom-
passes the globe, or at the outer limit where matter exerts its initial change upon
the incident rays. '

4
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The distinction here explained has not only engaged the attention of the most

~ eminent meteorologists of modern times, but was equally adopted in ancient philo-
sophy, as appears in the following. passage from Plato’s Phaedon, LVIII: “For

around the earth are low shores, and diversified landscapes and mountains, to which

are attracted water, the'cloud, and air. But the earth, outwardly pure; floats in the

. pure heaven like the stars, in  the medium which those who are accustomed to dis-
course on such things call ether. Of this ether, the things around are the sediment

which always settles and collects upon the low places of the earth.. ‘We, therefore,

who live in_these terraqueous. abodes, are:concealed, as .it were; and .yet think we

dwell ‘above upon the earth. . As one residing at the bottom of the sea might think

he lived upon the. surface, and, beholding the sun and stars through. the water,

might suppose the sea to be heaven. The case is similar, that through 1mperfectlon

we cannot ascend to the highest part of the atmosphere; since, if one were to arrive

upon its upper surface, or becoming winged, could reach there, he would on emerg-

ing look  abroad, and, if nature enabled him to endure the sight, he would then

perceive the true heaven and the true light.” o

In modern times, the researches of Poisson led him to the philosophic conclusion
now. generally received, that the highest strata of the air are deprived of elasticity
by the intense cold; the density of the frozen air being extremely small, Théorie
de la C’izaleur p- 460 An atmospheric column resting upon the sea may thus- be

‘regarded as an elastic fluid terminated by two liquids, one having an ordmary
density and temperature, and the other a temperatule and -density excesswely
diminished.. - :

Although the sun’s 1ntens1ty, Whlch is here the subJect of 1nvest1gat10n is the
prmclpal source of heat, yet its effects are modified by proximate causes of climate;
of which, the following nine are enumerated by Malte Brun:—

Ist.—Action of the sun upon the atmosphere,

2d.—The interior temperature of the globe.

8d.—The elevation above the level of the ocean.

- 4th.—The general inclination of the surface and its local exposure.

5th.—The position of méuntains relative to the cardinal points of the compass

6th.—The neighborhood of great seas and their relatlve situation.

Tth.—The geological nature of the soil.

8th .—The degree of cultivation and of population to which a country has arnved

9th.—The prevalent winds.

The same author observes in relation to the fourth enumerated cause, that north-
east situations are coldest; and southwest, warmest. - For the rays of the morning
which directly strike the hills exposed to the east, have to counteract the cold accu-
mulated -there during the night. The heat augments till three in the afternoon,
when the rays fall direct upon.southwest exposures, and no obstacle now prevents:
‘their utmost action, ~
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SECTION IV.
e '?DETERMINATIbN OF. TIE SUN’SkHOURLYﬁ AND DIUENAL INTENSITY..

IN the last Sectlon the sun’s Ve1t1cal 1ntens1ty upon a given point of the ealth’ ‘
¥ sulface" at any instant during.the day, was proved to be measured by a perpendlcular’
drawn from the centre. of ‘the Sun to the plane of the horizon. If perpendiculars .
‘be thus let fall at every:instant during an hour, the sum of the perpendiculars will.
‘ev1dent1y represent the ;suin of the. veltlcal intensities . 1ece1ved durmg the hom
which’sum may be terméd the Hourly Intensity. : : :

r'The: Integral Calculus : furnishes a: ready. means. of obtalmng thxs sum.- I‘or
durmg anyone day, the sun’s distance. ot apparent semi-diameter, and the meridian
Declination; may be regarded as constant, while H alone varies, and the deviations -

from the implied time of the sun’s rising and setting will compensate each othef.’
- Therefore, multiplying -the equation ‘of instantaneous intensity (12) by d H, since
" astronomy shows that H varies uniformly with the time, and 1nteg1at1ng between
* the limits of :: any two hour angles o, H” we- o‘btam an expressmn for the hourly s
1ntens1ty , ’ : g R -

-In’like mannér let He denote the sem1-d1u1na1 arc, and 1nte0rat1ng between the
limits 0 and H, we obtain-the. intensity for‘a half day, which, on- .cancelling - the
constant multlpher 2 may be taken for the Whole day, or Dlmnal Intensity, as
follows :—

f Alsind dH = AszanSmD+AzcochostmH (13)

The ditirnal 1ntens1ty is, theref01e, p10p01t10nal to the product of the square of
the, sun’s semi-diameter into the semi-diurnal arc, multiplied by the sine of the g
latitude into the sine of the sun’s dechnatmn, plus- the like product of the square
of the sun’s sem1-d1ameter into the sine of the semi-diurnal arc- multlphed by the .

cosine of the latitude into the cosine of the declination. This aggregate obv1ous1y e

changes from day to day, accordmg to the sun’s distance and declination.
Introducing the astronomic equatlon cosH = ——tcm L tan D or in another f01m, ;

: n L sin D .
- ~cos L cos D= —SZ, sin ; the expression’ 1educes to the followmg
: cosH

fAZ simrd d H= A*sin L sin D(H—tcm H).

It only remains to-adopt a umt of intensity, the choice of which is entirely arbi-
trary, For the present, and in reference to Brewster’s formula hereafter noticed, "
“we will assume the intensity of a day on 'the equator at the time of the velnalt
‘equinox to be 81.5 units. - For this case; where D and L are each 0, formula (13) B
reduces to A% which is (965”)*; hence 81.5--(965"), or k, will be the multiplier for
reducing all other values to the same scale ; where the common logarithm of % is
- 5.94210. Denoting the annual 1ntens1ty by._u, and taking A in seconds of arc we

have in units of intensity, .
i ; w=kA’sin I sin D(II—-— tan H). ‘4.\)\ o



[P

NTE\ISITY OF SUN’S HEAT AND LIGHT REEREE 1 S

‘ 'lhe followmg cases under the general founula ‘may here be, spe01ﬁed = :
Tm st, at the: tlme of the Equmowes, D is 0, and, consequently H is, 6h substrtut-
‘ mg these v'tlues in (13) and convertmg 1nto umts, RS K Caei
: ‘w=kAcosL: L (10) IR
Hence the sun’ s dally intensity for all places on the earth is- then pz oportwnal 10
.the cosine: of tlze latztude ,As the equlnoxes in March. and Septembe1 he intermedi.
'ate between the extremes or maxlma of heat and l1ght in summer, and - their
.r_mlnlma in Wmter the p1esumpt1on natulally arlses that. the same: expressrbn will”
, app10x1mate to the mean annual 1nten51ty The. co1n01dence is: accordmgly W01thy
,_'-‘.‘of note, that the Dbest emp111cal expression now known for the annual temperature
in degrees I‘ahrenhelt given by Sn Dav1d Brewster in the Edmbm gk Plnlosop/ncal '
Transactwns, Vol. IX, is 81.°5 cos L, bemg also p1oport1onal to the cosine of the
latitude. It is remarkable that Fah1enhe1t in. 1720, should have ad_]usted hlS
,scale of temperatule to such walue, that thls fmmula apphes, Wlthout the add1t1on
‘ ~'Iof a constant term. . A
Seco;zd{/, for all places on the ]Jquato; the latrtude L is 0 and H is 6h or
‘ :the sun rises and sets at six, the - year round, exclusive of 1ef1act10n Consequently
‘the Sun’s diurnal intensity varies slpwly from one day to anothel belng propor tzonal "
'to the cosme of the mendum Declmatzon, or, . | .. .
U iw=kArcosD. (16)
Tkzrdh/, at the South or the N or tlz Pole, the latitude L is 90° “and since tan 90° .
is' 1nﬁmte the astronomic relation cos H = — tan L tan D is illusory, except when
‘D is 0., The physical 1nte1p1etat10n ‘of this feature is, that at the North Pole, the
sun Tises only at the vernal equinox in March, and continues Wholly above the
horizon, till it sets at’ the autumnal equinox. "Thus to either Pole, the sun rises -
but once, and sets but once in the whole. year, giving neally six months day, and
. six months ‘night. ‘Now ' suppose the six months day to be divided -into equal -
. pottions of twenty-four hours each; then, in reference to formula (13), His 12",
and the intensity during twenty- -four hours of polar day is p7 opor z‘wnal to the sine of
s the Declmatzon at tke mzddle of the. day, or, '
o S "o ”—kqust . o
Thrs te1m varies much faste1 than the cotemp01a1y value on the equat01 And

~ . comparing | the two expressmns it’ appears that ‘during the summer season, in each

twenty-fom llOlllS the’ Sun s 1ntens1ty upon the Equator is to that upon the Pole,
in the followmg proportlon —_— S

- o w1 ﬁstcmD c (1’7)

-+ Fourthly, at the summer solstlce, When the intensity on the Pole is a maximum,
«"D is 28° 28, and the precedlng ratio becomes as 1.to 1.25; or the.Polar intensity
Rt one-fourth part greater than on the Equator (Plate 1V). The difference evidently

- arises from the fact that dayhght in the one place lasts' but twelve hours out of

©'twenty-four, Whlle at the Pole the sun shmes on throuOh the whole twenty-four
'houls : L R o o
Tt.were 1nte1est1ng to ﬁnd when th1s Pola1 excess begins and ends, wh1ch may

o -":be ascertained. by equating the last two terms of (17) The condition 7 tan D = 1,

: thus gives D equal to 17° 40’ -which is the sun’s Declination on May 10th and
SIRSUEE- SR
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‘again on August 8d." Therefore, during this long interval of eighty-five days, com-
prehending nearly the whole season of summer, the Sun’s vertical intensity over the
North Pole is greater than upon the Equator. To this subject we shall again recur
in a subsequent Section. - ‘ S ‘ .

Fifthly, having glanced at these particular cases of the formula, let a more com- -
plete survey be tiade for the northein hemi§phere.  And the same will equally
apply to the southern hemisphére, allowing for the reversal of the seasons and
change of the Sun’s distance. In equation (14), when H ‘exceeds 6%, and when
the declination D is'south, a change of sign would be introduced ; but the proper
trigononietric signs will be observed simply by using the upper sign in summer, or
when the declination is north, and the lower sign during the rest of the year, in
the annexed formula of daily Inténsity:— - ' : o

o u=[B94N0I NS Lsin D (tfan HEH). - (18) -

Here brackets include the logarithm of the co-efficient % ;  is to be taken in
seconds of arc; H is the actual length of the semi-diurnal arc to radius 1, and
tan H i$ the natural tangent. The ‘subjoined._table has been computed in this man-
ner, for intervals of fifteen days, and expresses the results in wnits of intensity. In the
last three columns for the Frigid Zone the braces include values for the daysrw‘h‘ep
the sun shines through the whole twenty-four hours: the blank spaces indicate
periods of constant night. :

The Sun's Diurnal Ini‘en’sity at every Ten Degrees of Latitude in the Northern Hemisphere. (Plate L)

- A.D. 1853, | Lat.0°. |Lat. 10°|Lat. 20°. Lat. 30°, Lat. 40°.Lat. 50°. |Eat. 60°. Lat.’wo. Lat. 80°.| Lat. 90°.
Jan. 1. . L1701 67.2 | 558 | 42.8 | 80.1 165 | 51 |... | .. o
“ 160 . . 781 1689 | 582 458 (827 1193 | %o | ... | ... ..
“8l o 9.6 | YL 619 | 49.7 4 88,6 |25.0° 119 1a | .o
Feb. 15 .. . 8LO | 747 | 66.6. | 55.6 | 45.1 | 319/ 19.0 | 6.4 | ... | ...
Mor. 2 . . .|8L6 | 780 | 71.3 | 62.9 | 52.7 | 41.1 |or9 | 145 | 21 | ...
‘LT o 820 802 1 76.0 | 69/6 | 61.1|°50.2 | B1.1 | 255 | 116 | .-
Apri 1.0 {80.8 Y 814 |05 158 689 | 60.2 | 499 | 38.0 25.6 | 205
‘16 .. L 79.0 | 8L 82.0 | 795 | 751 |'68.6 | 61.1 | 5L.4 | 140 | 446
May 1 . . _.[769 |8L5 837 836 [80.8 | 17.1 | 70.9 | 64.6 | 643 | 65.3
‘L6 L . T T4 | 80.8 | 84T | 867 | 85.7 | 883 |'79.7 | 76.8 | 80.3 | 815
%81 . L L1180 7.80.1.:85.1 .| 87.8 88.9 | 87.8-1.857 |.86.8:1| 91.0 ;| 92.4,
June 15 .. .1 72.0 JW79.6 | 85.2 |88.4.1'90.1 |.89.9 |'88.8 | 9L7 .| 96.1 | 97.6
Juy 1. . 1720 | 79.5 7| 85.0 | '88.5 | 90:4°| '89.5°| 884 | 90.8 |95.1 | 96.6
“o16 .. .178.0 | 79.8 | 847 | 875 | 87.6 |-86.5 < 841 | 84.3. | 88.3 | 89.7
“ 8L .. 747 | 80.4 |83.9 7851 |'84.5 | 816 | 77.3 | 75.4 | 76.2 | 17.4 .
Aug. 15 . .7 L1767 80.8 827 | 82.4 | 719.8 | T4.N. | 68.2 | 60.9 | 59.2 | 60.1
(4800 .. L1185 807 | 80:6 | 4T | 721 | 65.5 | BT.3 | 4T | 88.8 1| 88.9°
Sept. 14 . . ./ 70.8 | 79.8 | 1T.5 | 12.6 | 65.6 | 58.8 46.9 | 345 |- 919 | 147
w29 . . .| 80584 73.8.,(,67.0- |.57.8 ./ :47.0 /| 36.2 | 22.56 | 9.0 | ...
Oct. 14 . . .| 80.7 | 76.4769.7 | 6.0 |'50.2 | '38:2 | '25.7 | 12.6 | 1.0 | ..
‘29 o L[ 19.9 ) 185 196510 Y 546717425 [780.1. | 17.5 | .52 | ...
Nov. 13 .- . . .| 788 | 70.7 | 60.8 | 49.8 | 37.1 | 23.8 | 11.0 | 0.9
28 .. L7151 683 | 57.3 | 453 | 318 [18.9 | 6.8 | ...
Dee. 13~ = W776.9 7 66.9 | 55.4 | 43.0 | 80.3 | 16.3 | 49 | ..

" To indicate the law of the Sun’s Diurnal IhtenSity to the eye also, I h&ifia"tal'{éh
the relative units in the table as ordinates, and their times for abscissas, and ‘traced
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curves through the series-of points thus determlned a_s shown in the 'tccompanymg
diagram (Plate I). S : L ’ :

- The Equatorial curve W111 be observed to have two maxnna at the Equmoxes in
March and Septembel -and two minima at the Solstlces in J une and Decembel
Since the earth is nearer the sun in March than in September the curve: shows a
greater 1ntens1ty in the former month 0the1 thmgs being equal. ‘

In the latitude of 10°, the Sun will not be ver tical at the summe1 solstlce but
only when the Declination is 10°-N., which happens twice in the year. The curve
corresponds .in every partlcular with -the known course of the sun. .. Above the
latitude of 23° 28, the. tropical ﬁexure entirely dlsappears and the1e is- only a
s1ngle maximum.at m1dsurnme1

For comparison with the curves of Intenszty, I have also traced curves of Tempem—
ture observed at Calcutta, in lat, 22° 33' N.; at New Orleans in lat. 29° 57,
Philadelphia, in lat.-39° 57 at London in lat. 51° 31’ and at Stockholm, in lat :
09° 20, The Values for Stockholm 1ep1esent the averages for every five days
dunng ﬁfty years, as given in the Encyclopedia ZlIeta opolztcma article Meteorolowy
The curve for Philadelphia is adjusted from the daily observations made at the
Girard College Observatory from 1840 to 1845 under the direction of Prof. Bache
The rest are interpolated graphlcally flom the mean monthly temperatures

Retardatwn of the I]ﬁ'ect —In the Temperate Zone the Tempelatules will be
seen to attam their maximum about one month later than the sun’s intensity would

“indicate. At Stockholm it is somewhat more than a month; and, during this

interval the earth must receive, during the day, more heat than it loses at night;
and, convelsely, after the winter solstice, it loses more heat’ durmg the n1ght than
it receives by day. In illustration of this. point, and to approximately verify the
formula, T here insert a former computation of the sun’s Intensity for the 15th day
of each month,on the latitude of Mendon, Mass.; and the results are found to
agree very neaxly with those. observed at that place about one month later, as fol-
lows: (The observed values are taken from the Amencan Almmmc for 1849, and
are derlved from fifteen years’ observatlons) o

Computed values. ‘Observed values. . .| Difference. .

Jan. 15 ., oL 5040 < | 2893 ' | 2403 Feb. 15 . Ll 4100 .
Feb, ¢« - - 7, 7142 | 83°.1 830,56 Mar, * . . . 4+ 4
Mar.” ¢« ., S 9764 450.2 4508 -April ¢ | . 1o+ .8
Aprll o . . . 12574 . 5893 65590 May. - . . . —3°.3
May . . . .| 14482 = 6701 64°.5  June ¢ . R —20.6
. June “ . . . 15346 . - 7101 .| . 7198 -July « . S+
Sduly e 0 L 15085 69°.9 | 68°.9 Ang. “ . .l =120
Aug., | . . . 13437 620.3 61°.0  Sept. “ . . . —10.3
Sept. -« . . . . 10860 50°.3 4895 Qct. ¢ ... .. | —108°
Oct. ¢ . . W 8080 .- 37°.5 38°.9 . Nov, ‘.0, . . -+10.4
Nov. *« .| . . . 5638 .| -26°.1 279.1  Dec. “ .o . +1°.6
Dec. “o . . 4510 o 200.9 260.0 Jan, ¢ . . .| +5e1

It may be proper to observe that the formula was divided by sin L, a constant
factor; and the numbers in the second column were then successively computed:
their sum, divided by twelve, gave 10163 as the mean, to be compared with 47°.1,
the observed mean at Mendon. Then as 10163 : 47°.1 : 5040 20°.3, Jan. 15, etc.
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Let it also be observed, that the “\Iendon values are the monthly means Whlch do
not always fall on the 15th day, but neally at that time. ' N
- Rate per IIour of the Sztns Intensity.—To. glance at the’ subJect from another
point of view, let us con51dor the Rate, or the relative number of heatmg rays per
hour. - For any day, if we divide the computed Intensity by the length of the day,'
the .quotient Wlll e‘(press the avemcre Hoully Intens1ty, denoted by R ; thus,

LR tanH+1) ' (19)‘

R = Q_E' = [o 94210] A sin L sin' D (
" In the accompanying table, the walues of the rate R are “exhibited at 1nterva1s of
fifteen "days,  and - for .every ten’ degrees of latltude Trom this, Plate I 'is con-
structed ; and for compauson with the Daily Rate of Intens1t5, the Dally Range of
the Thermomete1 is also dehneated for Tnnconomalee, .on the coast of Ceylon (lat.
9° N)—takmg 5°.72 Fahr plus Ith of the mean daily ranges, as’ ordmates also’
for Philadelphia (lat. 89° 57), takmg here 7° plus rd of the daily ranges; for
Gittingen (lat. 51° 82), taking 3rd of the daily ranges; and for Boothia Felix (lat
70° N.), takmg Fsths of the dally ranges in degrees Fahrenhelt as.ordinates. These
changes are arb1t1a1y, but are analorrous to the conve1s1on of thermometricscales,
and still preserve the original law of the curves.'' The peculiar 1nﬂex10n at the
vertex of the curve of Hourly Intensity for- latitude 700, ev1dently arises from the
change to constant day. And apparently the howly rates of Plate II, coincide
more nearly with the tempexatules of Plate 1 than do the D1urml Intens1t1es or
absolute amounts ' ' I ‘

. Aver age Rate of the Suns Hourl _/ Inlmszty, or Relatwe Number of T/ertzcal Ra s, pe7 Hour

. . .. (PlateIl)

A.D.1853. | Lat.0°. (Lat.10° Lat. 20° Lat. 30°.[Lat. 40°| Lat. 50°. {Lat. 60°: Lat. 70°. |Lat. 80°. Lat.90%;
Jan. 1 6.43 | 5.89°| 5.16 | 4.24 | 3.26 |-2.08 | 0.88
“. 16 | 651 | 5.99 | 582 | 4.44 | 844 | 282 | 112 | I.. it
g1 .16.63 | 6.20 | 5.56 | 4.66. 3.86.| 2.15 | 1.56 | 0.34 .
Feb. 15 '6.75 | 6.387| 5.85 | 5.05° | 427 | 8.22 | 211 | 0.92 | ... .
Mar. 2 6.80 | 6.59| 6.11 | 550 | 471 | 8.78 | 2.70° | 1.56 | 0.85 | ...
w1 1.6.83 | 6.70.| 6:38 | 5.85 | 5.15 | 4.25 | 317 | 2.21 | 1.03| . ...
April 1 6.78 | 6.71 | 6.50 | 6.09 | 551 | 4.73 | 3.82 | 2.76,| 1.64 | 0.86
e 16 6.58 | 6.67 | 6.56 | 6.21 | 5.70 | 5.02 | 4.2471'3.22 | 1.83 | 1.86
May -1 6.40 | 6.59 | G.57 | 6.3 | 5.86 | 5.32 | 450 | 3.52 '| 2.68 | 2.12
“’ 16" .| 6.23 | 6.48 | 6.58 | 6.40 | 6.01 | 5.46 | 471 | 8.55 | 3.35 | 3.40
« 31 6.08 |6.39 | 6.49 | 6.36 | 6.07 | 5.54 | 448 | 3.62 | 879 | 3.85 .
June 15 6.00 | 6.33 | 6.45 | 6.34 |'6.07 | 5,57 | 4.81 | 3.82-| 4.00 | 4.07 -
July 1 6.01 | 6.32 |'6.44 | 6.36 | 6.12 | 558 | 4.83 | 3.78 | 3.96 | 4.03 -

16 6.08 | 6.38 | 6.46 | 6.87 | 6.01 | 551 | 475 | 3.51 | 3.68 | 8.74 -
“ 81, 6.22 | 6.46 | 6.50 | 6.32 | 5.98 |'5.42 | 4.65 | 3.55 | 3.18 | 3.22
Aug. 15 6.39 | 6.56 | 6.50 | 6.30 |:5.87 | 523 | 4.38 | 3.43 | 2.47 | 2.50 .
“ g0 6.54-|6.60 | 6.48 | 6.12|'5.53 | 4.87 | 4.05 | 8.10 | 1.90 |'L.62 -
Sept. 14 6.64 | 6.60 | 6.37 |5.92 | 5.45 | 470 | 3.68 | 2.61°| 1.50 | 0.61
S« 99 6.70 | 6.57 | 6.21 | 5.68 | 4.93 | 4.05 | 3.16 | 2.04 | 0.89 | ...
Oct. 14 . 6.73 | 6.47 | 6.01 | 536 | 4.53 | 8.58 | 2.56 | 1.42 | 0.22 | ...
Le99 6.66 | 6.29 | 5,74 | 5.00 | 4.08 | 3.09 | 2.00 | 0.80 | ... | ...
Nov.13 . .1 6.56 | 6.12° '5.48 | 472 | .45 | 2.66 | 1.48 | 0.25
w98, .1 6.46 | 5.95 | 526 | 4.42 | 3.36°| 2.28 | 108 | ...
Dec. 13 - -, 3 6.40 | 5.86 | 5,18 | 4.25 | 3.28 | 2.06°| 0.87 | ..
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A close agreement, howevel could not reasonably be eXpected f01 the Intensities
represent the sun’s effect at the summit of the atmosphere, but the Temperatures,
- at its base. Indeed, the sun’s 1ntens1ty upon the ‘exterior of the earth’s atmosphere,
like the fall of rain or snow, is a primary and distinct phenomenon. While passing
through the atmosphere to the earth, the solar rays are subject to refraction, absorp-
tion, polarization and radiation ; also to the effects of evaporation, of Winds,‘clouds,-
and storms.. Thus the heat which finally elevates the mercurial column of ‘the
The1momete1 is the resultant of a vauety of causes, a s1n(rle thread in thé net-
work of ‘solar and terrestrial phenomena oo \ ’

There is still a general agleement ‘of the dehneated curves “of intensity Wlth'
actual phenomena Should the i inquiry be made, in what part of the earth the sun’s
1nten51ty contlnues ‘most- uniform for the longest perlod an 1nspect10n of the
flexures of the curves (Plate 1), at once 1ndlcates the region intermediate- between'
the ]]quat01 and the Troplc of Cancer, on the one s1de, and of Caprlcorn on' the
other.!  Thus the curve for latitude 10° shows ' the' solar: 1ntens1ty to be’ nearly\
- statlonary dur1ng half the year, from March to September Duung October and
November, it falls rapidly, and after 1ema1n1ng nea11y unchanged for a few days in
December, it again rises rapidly in January and Februaly As the sun’s heat is
the prime cause of winds, we might infer that th1s region would be comparatively
- calm during the half year mentloned and that’ 1n the. remaining’ months there

Would be greater atmospheric fluctuations, - i

Such were the general 1ndlcat1ons of Plate I, representlng the" amoum‘s and on
recurrmg to Plate II, representmg the rates of diurnal ‘intensity, the status is pre-
c1se1y similar, except that the region of summer calm i is removed flllthel from'the
 equator, and nearer to the tropic. On referring to a recent work on' the Phys1ca1

Geography of the Sea, with 1espect to this circumstance, T find that ¢ the variables,”
~ or calms of Cancer and of Capricorn, occur in the very latitudes thus indicated by
' the compound effect of the amount and rate of solar intensity. . And further, the
annual range of solar intensity, Whlch is least upon the equat01 has its counterpart
in the Delt of equatonal calms, or « doldrums.” "The same ‘effect extends also to the
ocean itself, and appears in the tranqullhty of the Sargosso Sea.” Whlle the ‘curves
of intensity for the higher latitudes are s1gn1ﬁcant hleroglyphs of the selenlty of
summer, and the more violent winds and. storms of March and September. = The
entire depuvatlon of the sun s intensity durmg a part of the year, within the Arctic
and Antarctic circles, may also produce a Polar calm, at least during’ the depth of

o winter.” But the existence of such ‘calm, though probable, can neither be disproved

" nor verified, as the pole appears not. to have been approached nearer than within
about five hundred miles. Parry and Barrow believed that a perfect calm exists
at the Pole. ‘ '

"% The connection of the curves of the Sun 5 Intens1ty with the lines of Equatorlal and Tropical
calms, was suggested by Prof. Henry.
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SECTION V.

FORMULA AND TABLE OF THE SUN’S ANNUAL INTENSITY UPON ANY LATITUDE OF THE
: R R " EARTIL, ‘ B

‘ By .the method explained in the last Sectibn‘,_the diurnal intensity, in a vertical
direction, might be computed for each ‘and every day in the year, and the sum
total would evidently represent the Annual Intensity, o o

The sum of the daily intensities for a month, or monthly intensities, ‘might be
found in the same manner, But, instead of this slow process, we shall first find an
analytic-expression for the aggregate intensity during any assigned portion of the -
year, and then for the whole year. The summation is effected by an admirable
theorem, first given by Euler; a new investigation of which, with full examples by
the writer, may be found in the Astronomical Journal (Cambridge, Mass.), Vol, IT, -
p. 121. Thus, let « denote the wth term of a series, where  i§ a function of .
Attributing to.2 the successive values 1,’2,[3, 4,.... 2 and denoting the sum of
the results by =, it is shown that, _ o ’
R , L du d*u . dw L L

’2u=fudx+ but o~ 3T g T avdto gy — . H G (20.)

- Since this important formula has. not yet been introduced into’ ,'kany"AmQrmi‘cari
tfea'ti'sé‘ on the Calculus, I here insert one of the two demonstrations from the
Journal referred to, which indeed was suggested by the present research :—

: Imagine the several terms of the original series to be ordinates of a curve, and
erected at a unit’s distance from each other, along an « axis of X;” then, by the well-
known formula of the Calculus, f u d « will represent the area of this curve.

Again, connecting the upper adjacent’ extremities of the ordinates by straight ~
lines, there will be represented an inscribed semi-polygon made. up of parallel
trapezoids whose bases are each equal to unity, and their areas equal to 3 (0 + Fy)

+ & (Fy + Fp) + . i F (Foy + Fg); adding the contiguous “half "ter"m:s,A it
becomes S Fiy— b Fyy 0 Su—bu. oo

.- Between each trapezoid and the qu_i*ye@;l.i‘r*igabove;it,f is a small segment ; and if
J (@) or « denote the area of the last or wth segment, then 3 f (@) ox 3 o will denote
their collective area. The whole curve being made up of the inscribed semi-polygon
and these segments, we have ' / ‘

fud@:Eu—%u-{—Eu',
, 2u=fudw—l—%u—2'u’. :

With;respéct ‘to the lastterm,suppbseu’to be :féfei;r'édw to a Iié{y culve, as Thas

already been done for u, and so on; then,

2u’=fu’dw+ dw — S,

or

2u"=fu”dw+ Tw —3Su,. ...
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Subtracting the last of these three equations from the precedmg, and that result
from the ﬁrst and cancelling,”

2u=fudm—|— %ztf.f~1tf»dw:—~% W
e +fu~:da;‘-+w |

It is now necessary ‘to detelmlne w in telms ‘of u, or of @. Recurring to the
last segment of the curve above referred to, it is ‘evident that its area above the
trapezoid, and denoted by «/, is equal to’ " e L

v —ffmdw—fﬂz—ndw—f(ﬂaﬂ)‘Fﬂw—l) N
Developlnw by Tay101 s theorem; since w = -F@,
du s o dPu
F(w—v = F@) "4z +1 5d T 123d%
T dw
fl“(m_l)dw—fl"'(@dm—u—l— [94s —128da™ o

Substituting the two right-hand valueb in the foxmer equatlon the first terms

will cancel each other, leavmg ‘

“d*u d3 ‘ d“

: '__'le dx2+ 2T g ’godmfl'
That is, ea¢h derived function s ‘equal to — ;th of the second differential
coefﬁc1ent of the preceding, 4 th of the thlrd &c
du
W ="5Er dz o
L d*u. $Pu . du
— i + = 31;- d_mg—fga"—r;", +’T%TY dat
B s T
. ——fu’dm —I—Iu"dx—-,.-.‘,.. 77 ;ZZ, —3r g +§%U""‘E;"— .
Subst1tut1ng these last tivo values in the equation above,
3
EH_Afudw-}—%u-[—lzzllZ;-i%vg R 61

as was to be demonstxated Let it now be apphed tod 1ﬁ’e1ent examples of series,
‘whose ath term is-a functmn of w. =

I To find ‘the ‘sum of ‘the: amtlzmeﬁcal pr oga ession,
d+2d—|—3d—|— cobeld =3,
d o
Hele u=ad; udm }wzd,d(u_d
Whence Eu_—_ % 2d+%wd—l— Ld -+ C
If o=ld=%td+3d+ & d—]—C’
. Subtracting, S v = t @ (v d + d) Whlch 1esu1t commdes Wlth the common
arlthmetlcal rule T

II. To find the sum of the geomeh ical p7 ogression,
~ ar—]—ar +ar+ +a1’”
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e
Here u——ar” f“d‘r—logr

. . dPu
g—z—-m logr U —— = g “log®r; &e.

The sum of the coefficients of. a+°. bemg constant let it be denoted by B then
will

: - L 2u=B.ar"+C’.~
 Ifa=0, ar=2DBar + C.

H¢e1“'0—Ba+o

r*+Hl—ar ' '
‘Whence 3 u =71 Whlch also agrees Wlth the Well known rule.
II1. To find the sum of the #rigonometric. semes R
sma+sm2a+sm3a+ +smwa.
. Here u_.smwa fudm————cosma.n'
. - . a .
du JTTO T AP .
s = acoswa, P —_—a cosx a;

proceedmg, thelefore, as in II we have Gl
2u~%sznxa+Bcoswa+C’ '
Ife=0, 0="BxC. , LT
- Eu——%smwa+B(cosma—1)
Ifac—- l,sina=tsina+ B(cosa—l)

sma ", cos%a
Eu—%smma : cos%a(mswa_l)

~2sinta -
Reducmg to a common denommator we have by Tngonometry,
cos ¥ a— cos (x+ %) a” sm(w + 1)7 asm%wa '
QSm%a el sinda

Zu—

The formula of summatlon has its faﬂlng cases; but these may be pomted out
as plainly as those of Taylors Theorem. - Wlthout entermg here into a full dis-
cussion, it must apply in all cases where the’ summation is in its nature” ‘possible,
and the differential co-efficients do not become infinite.* It applies rigorously where
" the terms are all positive, and the differential ‘co-efficient . becomes zero,” as in
Example L; also where . the collective .co-efficient can "be represented by a second
constant, denoted by B, and so can be eliminated, as in Example IT. and ITL. Had
not advantage been taken of this feature in the last Example, the sum were repre-
‘sented by the following senes, whlch still convelges rapldly When a does not much
exceed umty SN - =

Su, orzsznxa— ——cosoca + Ysinawa + ——acoswa—-—iva cosxa 4 ....+C
Having now demonstrated the f01mula of summatmn let it be apphed to (1 3)

,Where the diurnal intensity is measured by
w = A?(sin L sin D.H 4+ cos L cos D sin II).



INTENSITY OF SUN’S HEAT AND LIGHT. 2%

- It may be remarked that the arc H can be developed in terms of its cosine; A?
may be expressed in powers of cos f; and thus  may be represented entirely in terms
of the ‘true longitude T'; and ultimately in terms of the mean longltude or anomaly;
- as,u=4d 4 Bsin(b+ aw) + Csm(c + 2ax) + Dsm(d+ 3aw) -+ ...; where a or
‘n denotes the Sun’s daily motion in longitude, or arc 59’8” ; which is 01 72. ThlS
arc being so much less than-unity, shows that the regular process of summation
without 'a_second constant, will converge with extreme rapidity, stopping at the .
first dlﬁ'erentlal co-efficient, and leaves us-at 11be1ty to determine the sum

“du.
f wda+ b+ T Ta “in such mannel as may be most convement
@

Therefore, let @ or ¢ denote the number of days elapsed after the becrmnmg of the
year or: ‘epoch; n being the mean’ daily motion in longitude; ¢ 4+ nt ora’ + n @, the
mean anomaly; 7, the true longitude, and P the. longltude of the perihelion, so

‘that the true anomaly § = T— P, and d 0=dT. Also,if o denote the obhqmty
of the ecliptic, then by Astronomy, sin D = sin o sin T

‘Since cos H = — tan L tan D, we have sin® Hw 1 — tan® L, tan® D, or again
cos® L cos® D sin® H = cos® L cos* D — sin* L sin® D.  Substituting in the last mem-
ber, 1 — sin®.D for cos® D, also 1for cos* L + smzL then d1v1d1n0" by cos® L, and
takmo the square root, ' . ,

costmH=J 1—8622222 = 1—('227;(2) s T (21. )

With respect to A2 let us here write- its values from equation (8),and another
value given by the ordinary polar equatlon of the ellipse; assummg A to be 1; and
¢, a new constant such that, since d 0 is equal to d T,

Ar cdT - c(1+ec039)

P ndevi—e (1—ey
Substituting now the third members of the last two equatlons in place of the’
- first members which occur in the precedmg expression for », and multiplying by dw,

aT
ces gsmLsmmsm TH+ cosL Jl smz) sm2T ; . (23)
2 cos

(22)

. The next step is to integrate this equatlon whele in the first term sin o sin T
has been substituted for its equal sm D. .The 1nteo'1a1 of the last term is 1ead11y

Sin©
Aidentified as the arc of an elhpse Whose eccentnclty is : s L therefore let

fcl T J 1— _sz_n 3 sm2 T E an elhptw ﬂmctzon of the second species.
cos _

Agaln 1nteg1at1ng the vanable factms of the first te1m by pfuts, f sin T.Hd T=

— H cos T + f cos T d . . To obtam d H ina functmn of T, let us d1ﬁ'elent1ate '

sin .D = sino sin T, and cos H = — tcm L tan D, glvmg c0sDd D = sin e cos Td T,

‘ " tanLdD - tanLsinocosTd T -
and sin H d H = oD YVhence d II sinTcos D oD O substltutmg
4 . . .
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for sim H cos D its: equal from (21), and for cos* D 1ts equal 1—sin® o sin® T then
multlplymg by cos T, we have,

i fcosTdH_ftaanmmcosszT : :
‘ : 1 o T Jl (S ey e T
(1 —sin’ ¢ sin* T) sL>
Hele in a changed form, sin o cos* T'= sin o — sin o sin® T which is equal to
1
sine

and then separating the explessmn 1nto two parts, we obtam after cancelhng the
common factor _

tan 1L, 4T - o  co0sf0d T
fcosTdH.. ~f" { : SO
Sin 6 \,1 _(sm ®
‘ cos

2 2 .S‘M’L [6] 2
L) T (1 sin’e sin T)Jl L> sin® T

[(1 —sin’ o sm *T) + sin*o—17; the1efore ertlng——cos o in place of sin’ 0 —1,

} (24)'

- odr 4

Now let = F, an elliptic functwn of the ﬁrst species ; and

Jl— Sm‘(’l)_)sn?T ‘

S » . -

\ f aT T Jlivtic finction of the third soci
(1——sm & ST T)J smm = =11, an elliptic function of‘ e third species,
)sm T , - o

cos

according to Legendre and other geometers.

Adopting these designations, we have now deﬁned the terms of f uda. Passmcr

over % u, as already known, the next term of the genelal formula of summatlon (20),
du

T? d
in its simplified form,
- = A%mLsmm sin T(H—tan H)

du 2dA 1\ dH

w A +60t TdT+(1> ' cos® H)H—mnH :
Again; faking the logamthmlc dlﬁ'erentlal of the first and last membels of (22)
' 2dA -—,‘ZesmOdT
recollectmg that d 0 = d T we ﬁnd =3 + TR

' A v 1I—¢

first and third members of (22), —. ~ And the value of d Hhas
d w  cdT

vaheady been found -whence by maklng the indicated substltutlons and changes,

L du . WA= g-——Qesmﬂ ' tan® H tan L sin o cos T
iz ¢ . (14 ecosh + oot I'— (H—tan H) cos® DSlﬂH%
The last term may be further simplified by multiplying and dividing by sin T then -
-substituting siw D for sin o sin' T, and — cos H for tan L tan D, and so cancelling
tan H, as shown in the result which- follows. . Referring to (20), and collecting the
terms of summation 1ep1esented by S u, we obtain the annexed general expression
of the Sun’s. 1ntens1ty for any ass1gned part of the year; thus

is

; which is determined as follows : Taking the logarithmic differential of (13)

Also ‘equatmg the
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.f Ts

f uwdo= i/ciSL {L’—taanmocosT H+ tcmzL T—-ta7z2Lcos o. H} '

n —e ‘ . D N

+ b u =1 A%(sin Lsin D.H + cos I, costmH) g (25)

+_1 du —x uA%le—e(——Qesm() Lo ‘ taanotT )
170390 c 1 Fecosg T +,(H———tanH) cos*D -

.t C=....+0C ,
Havmg thus obtained- 3 u, we may regard it as an 1mphc1t functlon Varymg '
continuously with the longitude T, Whlch returns to the same value at the end of
a tropical year. Taking, then, the sum of the above terms as an integral between
the limits, T = 360°, and 7= 0; the purely trlgonometuc terms and constant havmm .
thé same values at the begmmng and end of the year, will vamsh leavmrr only the
three elliptic functions, multlphed as follows:— ~

ccos L o
[ h 2 4 4
S w — 1—_e {L‘ + tan? L. " — tan? L c0s® . T1 } (26.)

_ . . : .S
Here the eccentricity or common mddulus is cos;}'
The Sun’s Annual Intensity upon any latitude of the Earth is thus proportwnal to
the sum of two Elliptic circumferences of the first and tlze second order, dzmzmshedf
- by an Elliptic circumference of the third order. .
On the Equator, L and tan L are 0 cos Lis 1, and the exp1ess1on 1educes to ’
c EII
nv 1—¢

Lquator is 7epresented by the circumference of an elhpse, whose ratio of eccentrzczty
X equal to ‘the sine of the obliquity of the eclzptzc

gl =

(27) ThlS ploves that the Stms mmual Intenszty on the

In' the Trzgzd 7ones, where - the regular interchange of dav and night in every
twenty-four hours, is interrupted, the formula will require modlﬁcatlon though the
general enunciation of the elliptic functions remains thé same. The year in the
Polar regions is naturally divided into four intervals, the first of which is the dura-
tion of constant night at mid-winter. The second interval, at mid-summer is
constant day; the third and fourth are intermediate spring and autumnal intervals,
when the sun rises and sets in every twenty—four hours. For a criterion of the

-beginning and end of the winter interval, we. ev1dent1y have I = 0; and for. the

limits of the summer 1nterva1 =12, = -

_ During the winter interval, there is of course no sola1 1nten51ty The 1ntens1ty

‘of the spring and autumn 1ntervals will be found by mterrratmg (25) between the

including limits, which results, added to that of the summer interval, give the

annual ‘intensity. First, then, to e‘mmme the summer interval; H is 12 hours or

7, sin H is 0,.and consequently by (23) . s

f’“ da “f cdT N csin n L sin o cos I’ n, wluch i ple-

_ ns/l——-e A ndl—-e -

cisely equal to the second term of (20) at the end of the spring, and. at the

_ibeglnmng of the autumnal interval; so that on 1nteg1at1n<r between these limits, it
“du

» will entirely disappear; and the same will apply to # U 7y i For at the begin-
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ning of the»sprmg, and end of the autumn 1nte1val When H is’0, ¥ u becomes 0;

and » being a zero factor, % _Z_ in (25) 1educes to O Then excluswe of the three

elliptic fu'nctiolns, the intensity of .theevsprmg interval w111he w4 _ng

—0;

that of the autumnal interval, 0 ~% u’.— Tlﬁ illu; and for the summer  interval;
y ooy du oy 1 clu '
é Wt gy iy ; the sum of whlch is ev1dently O
XL

The expressmn of annual 1nte1151ty thus 1educes to the three elhpt1e functlons in
(26) integrated: between the limits of the spring and autumnal intervals. = Their |
collectlve differential in (28) and the analys1s subJ01ned to it, will give, by making
sin Z _ Sino sin T ‘

“cos L S L - o
. cdT ¢ , . sinLitan L " sin L tan L cos® o
wd @ = cochosY+ e
- l—ezl C T sz (1 — cos® L sin® Z) 6087}

S ~sinLtan L - -~ cos® L cos® Z + sin® L-
. Here eo‘.s L cosZ + “wsZ tnay take the form _ “cosLeos Z , OT,
1 —cos®* L sin* Z sin’ o 1 : cos L
, Or —1 1— A ):I
. cos Licos Z - cos LcosZ Lsin*o + ( S st m
Agaln, dlﬁelentlat1ng the above value of sin Z,

“cos L cosZ d 7 — cosL -~ cosZdZ _
e 4 . a -
- sine - cosT . sine " cos L . whence,
‘ SR 1— ( > sin Z
. smm
cdZ - cosfe cosL
udm_.,. g +sm © 1— sint*Z —
: iy sm © \/ —¢ cos IA2 smm :
1 s Z
e smm

y : sin? L coso ..} -
¢ 5 0T,
(11— co.s" L .sm2 7) ' 1— cos L) s;ét? /A

smm

fudw— ‘. Eg'?___gl”+tano E—stL 1'[%
‘ - . msimov 1—é (. :

" As before remarked, these three 1ntegrals are to be taken between the limits of
.the spring and autumnal intervals. At the’ beommng of the forme1 and end of the
latter,.H is 0; whence cos Horl=— tan L tan D; and D = 90° — L taken with
‘an opp051te sign for south Declination. In this case, .
sino sinT st , o

“cosL,  cosL — 1, or Z = 270 '
. At the end of the spring, and at the begmmng of the autumnal 1nterva1 H is
.12%; cos Hor—l = _——tcmL tan D ; Whence_D is 90°— L, st_ L, or Z = 90°.
Now the elhptlc funetlons 1ntegrated between the 11m1ts, Z = 210°, Z = 90° give
'sem1-cncumferences for the spring interval, and the same for the autumnal interval,
‘the sum of which will be entire mrcumfelences We have, thelefore, for the Annual
Intensity in the Frlgld Zones, ST :

szn7;
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o 4dccosto R AT
) = —— ! F' ttan’o. B'—si? L. II' ;. - .
3w ‘nsino\/l-'—-_ez{- + tan’o E —sin® L H}‘ (28.)
" Here the eccentricity or com‘rﬁon‘m'(jdulusr of the three elliptic integfals is 9% L,
- Lsine

being the reciprocal of the modulus in (26); but the intensity is still denoted by
three entire elliptic circumferences. ' .

© At the Poles, where L is 90°, and cos L is 0, the expression of annual intensity
2cmsine v

nv/ 1—e* o S @9

reduces to

" The three species of elliptic functions are known to represent four equal and simi-
lar quadrants, as in the ellipse. . Extensive tables have been published by Legendre,
of the numeric values of E and F; and in his Traité des Fonctions Elliptiques, Vol.
I. p. 141, the value of the quadrant TI' is given in terms of Eand F. Thus, if ©
denote an axillary arc, such that ¢* sin’ @ = n, a negative quantity, less than 1; then,

do . n tan x " ‘

C«TI=

T =F" ____ et T ”
(L4 nsitg)vI—csi g’ T —ceww (I By — B/ o).
Comparing with '(24), sife = cost L; T = F' 4 CC_(:L—L (I"Ep—E'Fg); -~

substitutingv this value into (26), we find for the Annual Intens_ity \z')z‘th’e Torrid and -
Temperate Zones, ' L S o R

: 4c¢ D ' ‘ , ) '
Su =T E'(sin L cos o . Fppo..zy + €08 L)+ . (30)
oo F.sinL (sz'n%i tan L— cOsG. E gp—1)] ‘

We have heretofore denoted whole circumferences by the double accent, thus
E" = 4 FE. TIn (30) E', and F” denote quadrants ; Fop—nand Ege 1y-elliptic

functions whose amplitude in Legendre’s system is 90°— L; sm ©
. : enares L2 o5

is the common
modulus ; L denoting the latifudev of ‘the plaée, and;m;the obliquity of _the‘ ecliptid.
The interpolation of Legendre’s tables for second differences, is described in Vol.
IL. p. 202 of: the Fonctions Elliptiques. From the Polar. Circle to the Pole, ZOZL
will denote the common modulus, @ becomes o, and: v/ 1 —¢* sin*x = sin L; hence
by (28), the Annual Intensity in the Frigid Zone 1s,: R :

S = - \/_C:__-ea[E’(sm L c0s Q. F@ + sin ©) + L (51.) '

o - Fleoso cos L(cot & cos L—tan L.E (?))] }
i With respect to the unit of measure for annual intensity, the mean tropical year
contains 365.24 days; let this represent the annual number of vertical rays imping-

~ “ing-on the equator; that.is, let the sun’s 'inténsity_during a mean Equatorial day be

‘taken as the thermal. Unit, and let the vélueé for all the ‘lqaltitudgs_“be converted in
‘that - proportion. Also,d‘ehoting the annual intensity on the equator by 12, the
.fm/ean' equatorial Month may be used as another therx‘l‘}algliinit. ~And taking the
‘annual intensity on the equator as 81.5 Units, with reference to Brewster’s formula,
the intensity on other latitudes may he expressed in that proportion. "

\
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. With thq_aid of Legendre’s elliptical tables, and formulas' (27), (30), (31), (29),
the computation of annual intensities is entirely practicable. , The results con-
verted into units, with differences for every five degrees of latitude, have been

carefully' verified and tabulated as follows :—

e The Sun’s Annual Intensity.
. herm hermal | Thermal Diff, . Thermal | Thermal | Thermal Diff,
Latltude." ‘Tunits.&l 'xrnonths. days. days. - Latltgde. * units. months, days. days.
A8 . ;
0° 81.50 12.00 |-365.24 1.27 50° 55.73 8.21 249.74 20.92
5 - 81.22 11,96 | 363.97 3.78 55 51.06 7.52 | 228.82 21.06
10| 80.38°} 11.83 |.860.19 6.28 60 | 46.36 | " 6.83. { 207.76 19.91
-15 . 78,971 °11.63 .| 858,91 .| . 8.0 .65 © 41,92 6.17:.| 187.85 14.81
- 20 . 77,03 11.34 | 345.21 | 11.01 | %0 38.61 569 | 178.04 |  9.82
© 26 1 T4.57 |1710.98 | 834.20 13.20 S5 36.42 5.36 163.22 6.59
30" - 71,68 :{ --10.55 . :321.00 .|* 15.30 i 80 - | 384.95 5.15 | 156.63 -8.80
35 68.21 10.04 | 305.70. 17.15 85 34.10 {. 5.02 152.83 1.24 |
40 . 64.39 | . 9.48 | 288.55 18.76 90 33.83 |~ 4.98 151.59 "~ 0.00
45 60.20 8.86 | 269.79 20.05 B

From this table it will be seen that, at the Tropic of Capricorn, or of Cancer, the
Sun’s annual Intensity is but eleven thermal months, being twelve on the Equator.
In the latitude of ‘New Orleans, the annual intensity in a vertical direction is ten
and a half thermal months, and in the latitude of Philadelphia, nine and a half.
At London the annual- intensity is reduced to eight thermal months; and at the |
Polar Circle, to six months, being just one-half the value on the Equator. Thus
the intensity irregularly decreases, till it terminates at the South or North Pole,
where the annual intensity is but five thermal months. S

Again, it will be interesting to note the analogy which the differences for every
five degrees of l&titude’,in»thz;"lg’st .column.of the table, bear to the corresponding
- differences of height in the atmosphere which limit the region of perpetual snow. It
has been observed that the different heights of perpetual frost “decrease very
slowly as we recede from the equator, until we reach the limits of the torrid zone,
when ‘they decrease ‘much ‘more rapidly. The’ average difference for every five
degrees of latitude in the temperate zone is 1,318 feet, while from the equator to
30°, the average is only 664 fect, and from 60° to 80°, it is only 891 feet—import-
ant meteorological phenomena depend on this fact.” (Olmsted’s Natural Philosophy.)
The differences of computed -annual intensity in the table vary in a manner precisely
similar. While in the Temperate Zone, the decrease for every five degrees of lati-
tude is from 18 to 21 thermal days, yet it averages only about 6 thermal days within
the Tropics and beyond the Polar circles. The line of congelation evidently rises in
‘summer, and falls in winter, between certain limits. ' e _’
 'With reference to thé ,c'onn‘ection‘"betweén"-'thes"e ‘annual Intensities and the’
observed annual Temperatures, the analogy of the Centigrade scale shows that units
‘of intensity may be converted into degrees Fahrenheit, bya multiplier and constants;
‘thus, d = (w—1i) y 4. Since the values of the multiplier Y, and constants ¢, « are -
rnoti-preciselykiibwn,'zi graphical construction will be employed ; and it is plain that
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if computed intensities and observed temperatmes both follow the same law of
change, their delineated curves will be symmetrical. § ~

Therefore, taking the latitudes for ordinates, and the Annual Intensities in the
table for abscissas, we obtain ‘the curve of Annual Intensity (Plate IIL); and, in
the same manner, the curve of Annual Tempelature It will be seen, no'doubt with
interest, that the curve of annual intensity is almost symmetrical with that of
Kuropean temperatures, observed mostly on the western side of that continent:
But the curve of American temperature based on the U S. Army Observations for
places on the eastern portion of the continent, diverges from the curve of intensity,
and indicates a special cause depressing these temperatures below the normal
standard due to their latitudes.

At Key West, on the southern border of Florlda the diver gence commences, and
on’ proceeding northwardly, continually increases' in magnitude; that is, so far as
reliable observations have been made along the expanding breadth of the North
American continent. ‘

It were natural to suppose that the-annual tempelature would be defined by the
annual number of heating rays from the sun.. Indeed on and near the tropical
regions, the curves of annual temperature and solar intensity are symmetrical. But
in-the polar regions the irregularity of the intervals of day and night, and of the
seasons, and various proximate causes, introduce a discrepancy, which the principle
of annual average does not obviate. The laws of solar 1ntens1ty, however, have
been determined; the laws of terrestrial tempelature will require a spemal and
apparently more dn‘ﬁcult analysis. ‘

It has been inferred that there are two poles of maximum cold about the latitude
. of. 80° north, and in. longltudes 95° E. and 100° W. The fewness of the obselva-
- tions, however, in that remote Iyperborean region, leave this question still open
to investigation.  The more recent “isothermal lines of mean annual temperature”
pubhshed by Prof. Dove of Berlin, in 1852, indicate but one pole of cold, and that
is very near the geo‘rraphlcal Pole.

-

SECTION VI

AVERAGE AN NUAL INTENSITY OF THE SUN UPON A PART OR THE WHOLE OF THE EARTH S
: SURFACE

Havixe determined the value of 3w representing the Sun’s vertical intensity
upon a single unit or point. of the Earth’s surface, let us next ascertain the average
‘annual intensity upon a larger area, a zone, or the entire surface of the globe.
After which, we shall glance at some of the climatic alternations which are most
clearly made known and interpreted by the mechanism of the heavens.

Regarding the earth as a sphere whose radius is unity, cos L will be the radlus
and 2 = cos L the circumference of the parallel of latitude L. It is .evident that
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the intensity upon a single point multiplied by the circumference 2 7 cos L; will
express the sum of the intensities received upon:the-whole parallel of latitude ;

consequently 3 . 27 cos L. d L integrated between' the limits of L and I/ Wlll
denote the sum of the intensities upon the zone or surface between the latitudes I
and L', By Geometry, the surface of this zone is proved to be equal to (sin L —
sin L'y 2 . Therefore the sum of the annual intensities divided by the surface,
will evidently give w, the average (mmml intensity of the Sun upon a unit of surface
in that zone, as follows :—

fﬁ/Eu cosLdL

32
sin L — sin ¥ ( )

To find the value of this- integral, 3 % must first be- developed in telms of cos L.
Tt is shown in (23), and in-the analysis- followmg ‘that equatlon, that" the annual
1ntens1ty, exclusive of - terms cancelled by the mtegratlon is ‘

3

. smzL S o 2z o costTdAT

2 S . g
(1 sin’ o sin T)\/,l—j—cos Lsm T

} (33.)

From the well known formula for the rectlﬁcatlon of the elhpse, we have in the
first place, - : : : S

cosL E’+—(cosL ismm & S © sin® o ,(Ji%%) sin® o ) (‘34)

\

5
B4 r3 2 %
- cos L 40033L 258 Lo L cos I

Next to find the value of the last integral, let" the radical of the denominator

be first developed, and its terms multiplied into the other factors sepalately, then,
Ppreparatory to integration, let each numerator be divided by its denommator, as

follows — :
. _— 2 .
(1——sm msm;;;:ﬁ__ﬂn_m sin*T | 11_82:2;72;11( ) z ﬁg—%s . +§ S",Z 23m4T+ ) |
@ e e
O A s AR
—sitosin'T  sin’o 1 —gnleosin® T
2 .
(®) = 2 cols2L X S?ln-j zz f .:zj;’f Z‘c‘ols2 L = -cos* T + (a)) ;
,(c) = 5 eo?;‘* 7 X szln—m Z:; Z;‘;;Z ; : g cfs“‘ L (— s’ o sint T cos2 T—; cos* T' 4 (a)).
@) = E_;os“_l} (— sin* o sin* T 6082 T — s’ o sin® T cos2.T—, cos2 T + (a));
‘(e) 12 830?) - L( —sin’ msm TcosQT sm @ sin TcoszT sm msm2 Tc‘os2T coszT+(a))

7t
2

Multlplymg now each term by d T and 1nteg1at1n<r between the hmlts of T =

=, and T =0, we obtam the followmg 1esults —_
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f (a)‘d T; : n — 3 cot’w 2— a2 1) . Here substituting $ —# cos* T'
2(.)' I l—sznmsmT " T
' 'for its equal sin® T, the last term will take the known f01m of L 49 ,Whe1e0
P 4qcosd

_qepresents 2 T and by the Calculus its value between the proper limits, reduces to
1—
7 n Hencef(a)dT:‘—( cosm)

Ny or Cosa. sin 5— L
3 1‘ CoS® .1 |
2
Since f j cos’ Td T_ . we havef (b)dT,— --( E + o )2 L
k Slnce sint T 0032 Tmay take the form. cos2 T — cos* T'; the formula. of the Interrlal
> Calculus readlly glves f (c) d o7 (— sinto iy 1 cos (‘)> 3

2N 8 % sinfe./ Beost L -
< 1— cos B I
In hke manne1f(d)dT_ 5(—ﬁ sin c.)——%sm m—2 + éi?i?ma)) IGCossL'
- Andf(e)dT-—— <—-— sin’ 0 — % sin m——%sm 0—1% + 1_003(*))- 35
. 2 5 e , 2T T sinfo /128cos'L

The genelal formula (33) may be Wntten— :

‘2“’—""‘/%_6_6'» _gf""SL E’ smcLsm “’(f(a)dT+f(b)dT+ )}

: - sin*L 1 R
Here sin - ; substituting' this value, and
cosL cosL’ ° T e

_ ','muit:iplyirrAg it into the series of terms denoted by f (a)d T + f @®dT+...., and

.adding the products to the series (84) for cos L. F; we at length obtain,

_ - 2¢cm I 1-—cosw+1——cosm—§sm m+1—cosm—%sz'n2m-—%sin“m

B {coswcos T s I 8cos’ L~ © 16cos’ L
5(1—-cosm—%sm m;—&sm o — - 5in° 0) 7(N 155 sin m) } 5y

T D8ef L B 256c039L e e G5

can take the form of —cos L + =

P

In.the last term, N denotes the “serdes. W1th1n thé parenthes1s of the preceding
numerator. . Now, takmg the obliquity. of the echptlc o at 23° 28/, and representlng
the particular value.of 3w’ on - the equator by 865.24 thermal days as in the last )
Section, the multzplwr for converting other Values 1nto thermal days w111 ev1dently

e 3625 ?4‘, or 365.24 = —72{“
: When L is 0, and cos L is 1.. In this manner, and denoting - the lorrarrthms of ‘the
co-efficients by brackets we find for the present century, 4 '

S u = [2.543225] cos. L 4+ [1.197235] sec L + [1 2116957 sec® L + - (36 )
-8 819015] sec™L 4 [4. 616548] sec"L + [5. 509114] sec° L. o T
Or in numbers,

(9590919), the latter bemg the Value of S

15,748 0.1628 0.00659 0.000414
2u= '349"322.’ o L wsL T cos® L + cos” L T I

@1y
5
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These fmmulas of Annual Intens1ty are apphcable to the Tornd and Temperate

Zones, and Would have - glven those portions of the table in “the last section with .~ -

néarly the same  facility as_elliptic functions, but for the slow convelgence of the
-series.in. the higher latitudes; the elliptic expressmm are ‘also prefeued for the
* future case of secular values. ‘

Denoting the co- efﬁments of (36) by a,bc,....and w1th 1efe1ence to formula (32),
* multiplying by cos L d L, and 1ntegrat1ng, ,

LdL_ L c. dL d dL e. dL
Eu cos a cos® clL+b dL+coszL+003L ~ cos? L+ ,

fZ u. cosLdL_ a(gL+ %smL cosL)+ bL+ ctanL+ dtm;L 5%1“)
sinl 4 (dL sinL, 6 (dL

+ (5 cos’ L +5 cos“L> f<7 cos’ L+7 cosﬁL)+

“The last two 1ntegrals are given in the respectlve precedmg terms. To determine

.the correction C, make L equal to 0; in this case, the surface’ being 0, the left hand
~ member and all the other terms vanish, except C, which i s, consequently, 0.

~ The next process is to find a similar formula for the Frigid Zone. _Accordingly
from (28), and the analysm p1eced1ng that equatlon We have, o

cos’e
72’ cos2 L 0032 Zd Z
sin o

(38.)
’.C ’

Eu—_—__éc

L@

{smm E’

( 1=—cos’L sm?Z ) J 1— f_‘_’_S_£ sin* 4.
20

ThlS equatlon has precisely’ the folm of (33); but o there; ¢ orresponds to 90°—L
here; and L there, corresponds. to 90°—w here; T there, 001responds to Z here, and
has the same limits of - 1ntegrat10n Hence by makmg the proper substitutions in
(85) we may pass at once to the series for the annual 1ntens1ty in the anld Zone,
as here subjoined.

2cn { 5 ’1 sinL l—smL %cosZL 1—sin L — %coszL Ycos'L -
S e smLsmm-}
n\/l S 23mo) o 83mm - .. 16si’e
5(1—sm‘Lr—%cos2L—-—-scos L——~cos L) % (40)
128 sin”
Mult1ply1ng this equation by cos L'd L, or D sin L and 1nte01at1ng,
S 2¢m sin o sin® L~ sin L-— % sin*L -
fEu COSLdL-'—ns/l-—e{ 2+ ‘ 23m(.)' . \,
3L o rsinb L .
smL——% smU? '<S-Z—n3—l+33mL). N ' 7§<—Z-‘5—+3 sin 3L+ 1OSWL> } (41 )
f}f 8sin*e + 16 sin’ & +1.C

“Here: N denotes  the numeretor of the plecedlng fraction. . Now, mteglatln(r
between the limits L = 90°, and L = 90° ¢ = 66° 32, also 1ntroducmg the con-
stant multlpher descrlbed after (35), we shall find for the Frigid Zone,

fEu.cos Ld L [2 580718] gm ylowetioso | } whlch is
2 23mm L
equal to 18. '733 S e : ] : ,

‘Again, by formula (38) takmg L between the 11m1ts 0 and 23° 28’ we- ﬁnd the{
like sum between the equator and tropic, for the Torrid Zone, to be 141.86.
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.‘And-taking I betweet the hmlts 23° 28’ and 66° 32’ the hke sum: for the Tem-
perate Zone is 143.46- - . :

- Substituting these values in equatlon (32), d1v1d1ng by the denommator and
then converting into.the same thermal measures, Wh1c,h were employed in: the last
Sectmn, we obtaln these final results:— :

 The Sun's Avemqe Annual Intenszty

P L ; : . ' _The}'mal days. iThermal months. Thermat units. |
- IIponthejPohn Zomes . . . . . . 166.04 | 545 | 87.05
o4 el Temperate Zones . . L L . 276,38 | 9.08-. |- 6L.67
e ,“ Torrid Zone . ... . o . .- 356.24 - 11.570- - 79.49 -
e f‘ _whole’Earth' B —299.05 ; ‘9.83 66.73 .

' Thus 1t appears that the Sun s annu'tl 1ntens1ty upon the Whole ealth’s surface
from pole to pole, avelacres 299 thelmal days, being about ﬁve-s1xths of the value
~on the equator, ‘
‘Though the figures in the last column are. strlctly units of mtenszty, yet as shown
by the curves, they also app10x1mately represent annual temperatures, except near
the Poles. Followmg these indications, the mean annual ‘temperature of the whole
earth’s surface must be somewhat below 66° Fahrenhelt In comparison with this
result, the mean ‘annual’ tempelatule found by Prof. Dove, from a vast number of
obselvatlons may be introduced, which is' app10x1mately 58°.1 I‘ahrenhelt The'

hke value found ﬁom the fmmuh of Blewstel 18 f 5 81° 5 cos L d L Whl(,h is
64°. 0 I‘ahrenhelt R - L0 ,

SECTION VII
ON SECULAR CHANGES OF THE SUN S INTEN SITY

IN relatlon to seculzu variations of 1ntens1ty, we shall adopt the hypothes1s that
* the physical constitution of the sun has-remained constant. . The secular changes
here considered, thelefow are those whlch depend solely on pos1t1on and 1nchna--
tion, accordlng to the laws of phys1ca1 astronomy. T

The recurrence of Spots-on the Sun’s disc, has lately been dlscove1ed to obselv o
a regular pe110d101ty But their influence upon temperature appears to be insuffi-
cient for taking account of them.! A writer in the Encyclopedia Britannica, article
Astronomy, states that «in 1823 the summer was cold and wet, the thermometer at
Paris rose only to. 23° 7 of Reaumur, and the sun. exh1b1ted no- spots; Wheleas, in

* M. R. Wolf, in the Comptes Rendus, XXXV, p 704, communicates his discovery that the minima -
of solar spots occur in regular periods of 11.111 years, or nine cycles in a century—and ‘that the years.
in which the spots are most numerous are- generally drier and more productive than the others—the.
latter being more humld and showery.:  Counsellor Schwabe, after twenty-six years of observatlon does:
not think that the spots exert any influcnée on the annual temperature : ’
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the Ssummer of 1807, the heat was excessive; and the spots'of vast magnitude
- Warm summers, and winters of excess1ve r1g01 have happened in the presence or
absence of ‘the spots.” v ' o -
“Proceeding now to 1nvest1gat1on, our- first- 1nqu11y w1ll relate to ckanges of tke
.vlsun s annual intensity upon the earth’s surface-regarded as one aggregate..- In Section
“ 1T, formula (10), let the accented letters refer to.the earth at an antecedent or future
- epoch then, since Astronomy ploves that the sémi-transverse axis A 1is invariable;

L (42)

In the Connazsscmce des Tems, for 1843 Leverrier has exhibited the secular values
of most of: the elements of the planetary orbits during '100,000° years before and
after Jan,:1;’ 1800 The eccentrlclty of the earth’s orbit at the’ present time being
0168 the value 100 OOO years ago, and the greatest in that interval was 0473
Subst1tut1ng these in. the _preceding expression, we find ‘that the sun’s annual
intensity at the former ‘epoch was grea.ter than at present by one-thousandth part.
Now this fraction of 365 24 .days, counting the days at. twelve hours éach in 1espect
to solar 1llum1nat10n ‘mounts to between four and five hours of sunshine in_a year ;
and by so small a.qua fity only has the sun’s annual intensity, during 100,000 years
past ever exceeded the. yearly Value at the present time. Nor can it depalt from
its present annual Value by more than the equlvalent of ﬁve houls of average sun-
shlne ina year for 100 000 years to come ‘ ~
" The' superior and ultimate’ limit given by Leverner to Wh1ch “the eccentr101ty of
the-earth’s orbit may have’ approached at'some very 1emote bt unknown. .period. or
per1ods is 0777, At such. epoch the annual intensity is computed, as before, to
have exceeded the 1ntens1ty of ‘the present by thirteen hours of sunshlne in a year.
~ On the other hand, the inferior limit of eccentrlclty be1ng near to zero, indicates
only four minutes of average sunshine in a year, less than the present annual amount,
Between these two extreme limits,” all annual varlatlons of the solar 1ntens1ty,
- whether past or futule, must be’ included; even from the- primitive antediluvian era,
when the sun, was placed in his present relation to the earth. By the third law of
Kepler, on which equatwn (10): is-based, these resuls-are rlgorous for s1der1f11
years; and by reason- of the slight but nearly constant excess the same may be -
Vconcluded of tropical or crv11 years For the annual Vanatlon of the troplcal year
is only——-Od 000000066 86. I S

‘The precedmg conclusmns it is ‘proper agaln to observe refer to the Whole ea1th’
surface collectlvely Let-us, in the next place, inquire concerning ckanges of annual
intensity upon the different Latitudes of the earth. According to formulas (30) and
‘(31), this variation will be a function of the eccentricity e, and the obliquity w. For .
the present let it be proposed to compute the annual 1ntens1ty for an epoch 10 000

- we. have for the proportlon of 1ntens1ty at the secular epoch J

= Professor Henry was the ﬁrst to show by’ proyectmg on a screen in a dark room the image of the
sun from a telescope with the eye glass drawn out, that- the temperature of the spots was ‘slightly less
than that of the other parts of the solar dise. "The temperature was indicated by a delicate - thermo-

" electrical apparatus. Professor Sechi, of Italy, afterwards obtamed the same result.—See Szlhman’s
Journal, Vol, XLI‘{ p. 405, ’ B . .



+

» I"\ITENSITY-O'F»-S'UN’S ‘HEAT -AND LIGHT. - 37

years prior to A.D. 1800. ‘The eccentrrclty of the orb1t ¢, was: s ther 0187, accord-
ing to Leverrier; and for the obliquity:of the echptlc the: most. correct formula is
plobably that of Struve and Peters, quoted in the American Nautical Almanac.. .1t
is.true, their formula may not. st11ctl)r apply for so distant a period ;. but s1nce ‘the
value 24° 43’ falls W1th1n the maximum assigned by Laplace, it must: be a. com-
patible value;. though its epoch may be somewhat nearer or more remote than 10,000
years. . Therefore,: substltutmg this .value of o, 24° 43’ in equatlons (30) (31) and

mult1ply1nrr by J ,— in order to substrtute the proper eccentr1c1ty, and com-

- paring ‘the computed results with - the. table for 1850 ‘given in Sectlon V as a

standard, we find‘the annual 1ntens1ty on the equator, at the former perlod to have
been 1.65 thermal days less than in; 1850 the d1ﬁ'erences for every ten degrees of

' latrtude are as follows — TRy i o

OIzange of the Suns Annual Intenszty 8, 200 Ybars B. 0' from ats Vacue in A D. 1800 taken as
T P SN the Standfrrd (Pla.te IIL) - :

Latitutle Difference in thermnldays’.

Lutltude. Diﬁ'eren’ce in thermal days. Latitude. Diﬁ‘erence’ in thennaldays.
0°\| ... - —1.65 . -l .80\ . —96- | 600 | . -+42ll
100§ —1.58 . | 400 o —22 70° o ~+5.562
200 =182 ©500 o B8 T BOC e R TLE

S900 L T .64

“ These 1esults are exh1b1ted gmphrcally also on Plate III; from Whlch it appezus
that the annual intensity within the Torrid Zone ten thousand “years ago, averaged
one thermal day and a half less than now ;. while from 35° of. latitude to 50° com-
plehendmo the whole area of the United States it was V1rtually the same as at the
present day ‘But above 50° of latrtude, the annual 1ntens1t5r was then greater in
an 1nc1eas1ng rate towards the Pole, at Whrch pomt it was between seven and elght :
‘thermal days greater than at the present time; in other words, the Poles both North
and South 10,000 years ago received twenty rays of solar heat in a year, where
they now receive but nineteen.: meg to change in the’ obl1qu1ty of the ecliptic,
the Sun may be compared to a swmmng lamp, at the forme1 perrod it app'trently

medlate space , ~
 The. maxnnum var1at10n of the" obhqu1ty of the ecllptlc accordmg to Laplace,
Wlthout assigning its epoch is 1° 227847, above or. below the obhqurty 23° 28 in the
' year 1801 !" Now the difference recognized in our calculatmn almost reaches this
* limit, bemg 1° 15’ . Asthe secular perturbatrons are now undelstood therefore, it
follows that, since the Farth and Sun were phced in then plesent relation to each
other, the annual intensity upon the Temperate zones has never varied (Plate III)
between the T10p1cs it has never departed from its present annual amount by more
} than about ﬂ—vth p'ut and is now ve1y shghtly 1ncreas1ng The most perceptlble

1 Mdéeanique Céleste, Vol II, p. 856, note, Bowditch’s translation.
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_-*difference is in the Polar regions; where the sécular change of annual intensity is more-
" than four times greater than on the Equator ; in its annual amount, the Polar cold”
is now. very slowly. increasing from century to century, which effect .mu‘st,rc;)ntinue
--'sdfl,ohgas;theg obliquity. of the ecliptic is diminishing. And thus, so far as relates
toa deéreasedfahnual intensity, the celebrated «N orth-west passage” through the
Arctic sea will be even more difficult in years to come than in the present age. -
. Having now considered: the secular .changes of annual intensity upon the earth -
and its different latitudes, let us next examine the secular changes of intensity in
relation to the Northern and Southern hemispheres.” The earth is now nearest the
sun in winter of fche,‘;novrthern.hemisphere on January 1st, and farthest from the
sun in summer, on J uly 4th. This collocation of times and distances has the advan-
tage of rendexing the extreme of summer cooler, and of winter, north of the equator,
warmer than it would be at a mean distance from. the sun... But south of the
equator, on the contrary, it exaggerates the extremes by rendering the summer hotter -
and the winter colder. - Before estimating this difference, we may observe that the °
perigee aévances in longitude 11”.8 annually ; by which the instant when the earth
is nearest the sun, will date about five minutes in time later every year.""{1 The time
of perihelion which now falls in J anuary, will at length occur in February, and
ultimately return to the southern hemisphere the advantage which we now possess.-
Indeed, it is remarkable that the perigee must have coincided with the autumnal
equinox about 4,000 B. C., which is near the time that chronology assigns for the
first residence of man upon the earth,. . ... . ... .. T
For ascertaining the difference of intensity; we know that the sun’s declination
goes through a nearly regular cycle of values in a year. The formula cos H = —tan
L tan D then shows that the length of the day in the southern hemisphere is the
“same as in the northern hemisphere about six monthsearlier. Recurring to formula
(18), it appears that the difference of intensities will then'depend chiefly on the
values of A% - Now, for the northern winter on January 1st, A? is proportional to -

_; for winter in the southern hemisphefe; J uiy 4th, it "is’a‘s' L The ratioy! ~

T—eF" . (TeF
~of daily intensity of the northern, is to the southern then as one to G_—{T—Q ; Or as’

ltol—4de nearly; that is, 1 to 1—43137. - And the like ratio for,t»lxllei summer intensities
isas 1to 1.4 ~ But {4 is'the extreme deviation for a few days only; the mean
between this and 0, or 4, would seem more correctly to apply to the whole seasons
of summer and winter. = Taking then y:th-of the greatest and least values of daily
intensity, Section IV, for the temperate zone, it appears that winter in the southern
hemisphere is now about 1° colder, and summer 8° hotter than in the northern hemi-
sphere. The intensities during spring and autumn may be regarded as-equal in
both hemispheres. ~And the summer season of ‘the south temperate zone being
hotter, is also shorter by about eight days, owing to the rapid motion of the earth
about the perihelion. = B : ‘ “

~ In confirmation of these last deductions, the younger Herschel refers to the
glow and ardor of the sun’s rays under a perfectly clear sky at noon, and observes,

-
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_“one-ﬁfteenth is too cons1derab1e a flactlon of the whole 1ntens1ty of sunshme, not
to aggravate, in a serious degree, the sufferlngs ‘of those who are’ exposed to it with- -
‘out shelter. * The ‘accounts of these sufferings in the ‘interior of ‘Australia, woéuld - -
seem far to exceed what havé ever been experienced by travellers i in; the’ n01the1n E
deserts of: Africa. . The author has observed the’ temperature of ‘the. surface soil in
South- Africa, ‘as high as 159° Fahrenheit.” The ground in Australia, according to
'Capt. Strirt; was almost.a molten surface; and if a- mateh acmdentally fell upon 1t
1t immediately 1gn1ted ”: (Herschel’s: Astronomy.) " SR

'The phenomenon is of sufficient interest to warlant a glance at the secular values.

‘The eccentricity,” 100,000 years ago, has aheady been stated - at .0473; ‘and the
~ formula. of the’ ploportlonal ‘general- difference of the ‘winter 1ntens1t1es, in the

‘northern and southeln ‘hemispheres 1 — 2 ¢, becomeés 1 — .0946; ‘and thé maximum
difference 1'— 4 ¢ becomes 1 — 1892." +Thus the: differencs of winter intensities
“between the northem and southern’ hemlspheles and likewise of summer intensities,
‘was then about three.times greater than'at the present time. = But this wide fluc-
tuation of summer and winter intensities, in' relation” to. the two’ hemlspheles
scarcely affected the aggregate annual intensities, as before shown.

I‘rom occasional Historic notices of climate, it has been assumed: that the winter

season in Edirope was formerly colder than at the present time. The rivers Rhine
and Rhone were frozen so deep as to sustain loaded wagons; the leer vas frozen
over, and snow at' one_ time lay forty days in the city of Rome;:but the- history
‘of the weather plesents winters of equal severity in modern times.! . In the United:
States, likewise, since the period of our colonial hlst01y, ‘the. indications of an
-amelioration of climate are not conclusive. . The great snow of I‘eblualy, 1717,
‘rose above the lower doors of dwelhncrs and in the winters-which closed the years
1641, 1697, 1740, and 1779, the: rivers were frozen, and Boston and -Chesapeake
.bays were' at ‘times coveled with-ice as far as the eye could reach; -but:the like
“occurs at similar 1nte1vals in our day. M1ld Wlntels, too, have 1ntervened and the
“other seasons are also very variable. “The | ‘general indications, however, give xise
-to the- questlon, Whethel there is a cause of ‘change of climate in ‘the: course of
“the sun? -~ : - ‘

-About two thousand yeals ago in the tlme of Hlppauchus 128 B C the obh-

quity of the echptlc, or the sun’s greatest ‘declination, was 23° 43/, ' It.has now
“decreased to 23° 27%;-therefore, at the former epoch, the sun:‘came farther ‘north
and rose to a hlghel altitude in summer ;-and went farther, south -and rose only to
“a lower: altitude in m1dw1nter There is then an astronomlc cause “of - .change, of
“which we' propose to determine more’ p1e01sely the “effect. F01 thls pu1pose, the
formula of dally 1ntens1ty (18) may be written,

= [1 90746] <1 + ecos(T P)) smLst (tcm H+ H)

l—e

ot Thus, in the famous ‘winter of 1709, thousands of famxhes perlshed in thelr houses the Arablc
' Sea was frozen over, and even, the Medlterranean The winter of 1740 was scarcely mferlor and snow
'lay ten feet deep in Spam and Portugml In 1776 the Danube bore ice five fect deep below V1enna

’
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' Here, for A there 1s subst1tuted 1ts equal 1 + ¢ ios (T P) 960” 9 also gene-
e

ra.lly sin D = sinosin T, and cosH = —tan Ltan D ‘For secular values, 1f ¢t denote
. the number ‘of  years.after; and — ¢ before, the year 1800, o EEES
' " e.= 0.0167836 — 0000004:163t P = 279°31'10" 4 1’0315t
»+Mean obliquity o = . 23°97 54! == 07,4645 t — 070000014 £,
\. At the solstlces of summer: and winter T'is 90° ot 270° and - D-1s o; also let the:
latitude L be 40°; which is nearly the ‘latitude of Philadelphia, also of southern
Ttaly -and Greece. - Computing now for B. C.'128, and: for A.'D.- 1850, the daily
‘intensities at the: summer solstice “are 90.45 and-90.05 thermal ‘units, and-at the
‘winter solstice 28.67-and -29.04 respectively. - The differences .40.and:.37 must
correspond almost precisely-to degrees of the thermometer ‘and: halving -them for
-the ‘whole seasons as before described, we'are conducted to the following conclusion.
In the’ time of ‘Hipparchus, or about a century before Julius César,: Vlrgll Horace
~-and Ovid ﬁourrshed under the latitude of Ttaly and Greece the: summer was two-tenths
.of- & degree Fahrenheit hotter, and the winter as much colder, than at the present day.
_The similar changes of solar intensity upon the United States in two hundred years,
can’ only. be. made known by theory, and:are ev1dently very slight. - There has
-been, therefore, no.sensible amelioration -of".climate in- Europe ‘or “America from
‘astronomical. causes. : ‘The . effect, however, of cutting: down - dense forests, of the
-drainage and - cultlvatlon of s open: grounds’ and ‘woodlands  admit of: conflicting
interpretation; and:appear but. secondary: to the atmospheric fluctuations which are
- -governed: by the changes.in. the relative position of the earth and sun. '
- Before leaving :the subject, the:inquiry may arise respecting Geologzcal clmnges,
Whether the seculdr inequalities have ever been of such value under. the Ppresent
order, as to admit of- tropical plants growing in the temperate or frigid zones: -In
- reply; as'the annual intensity could never have varied in ‘any con51derab1e degree
“the change must- consrst entirely in tempermg the extremes of summer and winter
“to:a perpetual. sprmg . And this could:not happen on both sides of' the equator at
-once;. for:the same- arrangement which - made-the daily-intensities :in"the northern
hemlsphere equable, would Slle ect those of the southern to violent alternations; and
the wide breadth of the torrld zone" Would prevent the effects belnﬂ conducted flom
vone hemisphere to:the-other. = <. TP ' -
*Let us then:look back to that pr1meva1 epoch when the ealth was in aphehon at
mldsummer and the eccentricity-at its: maximum’ value—ass1gned by Leverrier
near to.0777." "Without’ entering into elaborate computation, it is easy to- see that

- the extreme values of diurnal: 1ntens1ty, in’ Sectlon 1V, Would be alteled 'LS by the

1+e

1t¢
would diminish the mldsummer 1ntens1ty by about 9° and increase ‘the midwinter
_intensity by 3° or 4° ; the temperature of spring and autumn being nearly unchanged.
But this does not appear to be of itself adequate to the geologlcal effects in question.

o It 18 not our ‘purpose, here, to enter into the inquiry, whether the atmosphere
“was once more dense than now, whether the earth’s axis had once a- drﬁerent incli-

nation to the orbit, or the sun a greater emissive power of heat and hght Ne1the1

: multrpher ( ) that 1s 1 —0. 11 1n summer and I + 0. 11 1n “winter, ThlS
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shall we attempt - to speculate upon the pr1m1t1ve heat of the earth nor of planetary
space, nor of the supposed connection of-terrestrial heat and magnetlsm nor inquire
how far the existence of coal fields in this latitude, of fossils; and other geological
remains have depended upon existing causes. The preceding discussion. seems to
prove simply - that under ‘the present system of physical ‘astronomy, the sun’s
. intensity could never have been ‘materially different from what is ‘manifested upon
the earth at the present day. . The causes of: notable geologzcal changes must be other
than the relative posztzon of the sun and earth, under their present laws of motion, .

If we extend our view, however, to the general movement of the Sun and Planets in
space we find here a-possible cause for the remarkable changes of temperatule traced
in the geological periods. ~ For as-Poisson conJectured Théorie de la Clmlem P 438,
the phenomena may depend upon an inequality. of- temperature in _the regions of
space, through which the earth has passed. Accmdmg to a calculation quoted by
Prof. Nichol, the Velomty of this great. movement is six times. greatel than that of

“the earth in its oorbit, or about 400,000 miles per hour. :

. In this motion, continued for countless ages, the earth ‘may have travelsed the
vrcrmty of some one of the fixed stars, which are suns, whose radiance would tend
to efface the vicissitudes of summer and . winter, if not of day and . nlght ‘with.a
more warm and equable climate. . This may have produced those luxuriant forests,
of which the present coal fields are the remains;.and thus the existence of coal
~mines in Disco, and other Arctic 1slands, may be accounted for. Ifno. s1m1lar traces
exist in the Antarctm zone, the presumption will be strengthened, that the North
Pole was presented more directly to the rays-of such 1llun11nat1ng sun or star,

~ Indeed, by this. position, all possibility of conflict with Neptune, -and- the . other
planets which lie nearly in the plane of the echpt1c, was avoided. S

The descnptmn of such period, with strange constellatmns and another sun

' gleammg in the firmament, their mysterlous effects. upon . the growth.of animals

“and vegetation, their untold vicissitudes of llght shadow and eclipse, belong to the
~ romance of astronomy and geology As i in the anc1ent trad1t1on descrlbed by Virgil -
“in the smth Eclogue o ST A SR
Ja amque novum terre stupeant lucescere so]em
. Altits atque cadant submotls nublbus 1mbres ‘

Incipiant silvae quam prxmum surgere, quumque i

Rara per 1gnotos errent ammaha montes ' L
" It is ev1dent that in 1eced1ng from the sphere of 1ntens1ty of such star as a
comet from the sun, the earth’s annual temperature would very slowly decrease in
process of time, accordmg to the tempe1atu1e of the space traversed. ~And, at a
remote distance from the stars, the temperatiire of space ought to remain stat1ona1y,
as the mean annual temperature of the earth has remained for at least two thousand
_ years past, and W1thout doubt will ‘so contlnue for ages to come.

~
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S D C T I O N YVIII.
- ON LOGAL AND OLIMATIG CHANGES OF THE SUN S IN TENSITY

. As the principal topics under this head have been ant101pated in the former por-

tions of the work, they need not here be repeated The inequality of winter, and
\ especially of summer intensities in- ‘the northern and ‘southern hemispheres, has
already been d1scussed in the last Sectlon, and ascnbed to the changmg pos1t1on of
the sun’s perigee. :

Tict us now pass to another local 1nequa11ty, Wh1ch conisists in’ the" difference of
daily intensities at two places situated on the same palallel of latltude, but separated
by a considerable interval of longitude; - Th1s difference arises”solely from” hourly °
change ‘of the Sun’s Declination, while moving from the ‘méridian- of one place
westward to the meridian of* the: other the Sun n’ the 1nterva1 attammg a h1<rhe1
or lower meridian altitude.” :

 For example, the latitude of Greenw1ch near London is 51°28'39"”. TFollowing
this parallel west to-a point directly north of San Francisco, in California, the differ-
-ence of longitudeis 122° 28" 2. - ‘At the time of the autumnal equinox, the daily
change of the sun’s declipation is 238' 23". - Consequently, in_passing from 'the
meridian of Greenwich to that of San I‘ranc1sco, the declmatlon is- d1m1n1shed by
122°28' 2" 5o 9an RCRPSES * '

3600 23 23 01by757 3

“When the Sun’ s Dechnatlon is’ 0 at apparent noon at Greenwich, on Sept st
it will be 7' 57", 3'S.at noon in- the longltude of San Francisco on the same day; the

semi-diameter being 15’ 59" or 959" for Greenwich, and 959".1 for San Francisco. - |

With these elements, let the sun’s dally intensity be computed for both' plices by
formulas (18), (18). - The reésult is 50.13 thermal units for Greenwich, and 49.91
~ for the place north of San Francisco, on the same latitude.” The difference is .22
corresponding to nearly. 4 1° Fahrenheit; and by so much the 1ntens1ty upon the
zenith of Greenwich is g1eate1 on the same day. ~
‘At the vernal equinox, March 20, the sun’s dally change of dechnatmn Would be
in the opposite direction, ‘and the dlﬁ'elence would become — 3° F. The inequality
of this species thus compensates itself in theory, leavmg the yearly 1ntens1ty the
same for all places havmg the same latitude. :
* For further reference’ oh ' this point, the daily ehanges of dechnatmn, near the
first of each month, are subjoined as follows:—

J anuary, 5% ~ May, 18 — September, 22’

I‘ebruary, 18 ~ -June, 8. " October, - 28
‘ March; 2% - July, & Novembe1 18"
April;: 2% - August, 17 " December, 9

In this connection, it may be observed that Nervandel Buys Ballot, and Dove :
have developed a shght inequality of temperature dependent upon the Sun’s rota-
tion around his axis, and having the same period of about 27 da)s but this result
~is not conﬁlmed by Lamont, Poggendorf’s Annalen for 1852 S '

~
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~ With respect to maxima and minima, Plate T exhibits a resemblance to two
_ summers ‘and to two winters on the Equator—the sun' being vertical at the two
equinoxes. On 1eced1ng from the equator, but still in the torrid zone, the sun will
be vertical at equal intervals, before and after the summer solstice, which intervals
diminish as the sun approaches the Tropic; the sun being vertlcal to e’tch locahty,
when his declination is equal ‘to the latltude of! the -
place; as indicated in the annexed diagram, . .. -
. On arriving at the Tropic in the yearly motlon the i
sun can be vertical but once in the year, namely at the
summer solstice. At all placés more distant from the
equator the sun can never be vertical, but will approach -
nearest this position at'the solstice in summer (s), and
* be farthest from it at the solstice of winter (). : Thus
in the torrid zone, the sun’s daily inteliSity has two ~:
maxima and two minima annually, in the temperate - U
zones, one maximum and one minimum ; and in the frigid zones, one maximum.
Owing to change of the sun’s dlstance, the intensity. is not precisely the same at
the autumnal equinox as'at the vernal; the d1ffe1ence, however, being small, may
here be neglected. ~ And for more full 1llust1'tt1on ‘we exhibit a dlffelent “projection
of the Table in Section IV, showing (Plate Iv) the Sun’s Diurnal Intensity along
the meridian at intervals of thirty days, from June to ‘December, and apprommately
for the other months. The alternate curves will of course show the sun’s changes
of intensity in intervals of sixty days. It will be seen that the sun’s least’ yearly
range of intensity is not on thé Equator, but about 8° of latitude from it north and
south. Here the dally heat is most constant and pelpetual summer relgns through
theyem e o SRS 2 L ‘
In like manner the d1ve1 gmg curves show an 1ncreas1ng yeally range, which is
gleatest in the Polar regions.  Also the changes from one day to-another are most
rapid in spring and autumn. - The greatest.intensity occurs at the summer solstice,
June 21, and the least, at the winter solstice, December 21; so that the yearly range
from minimum to maximum is a little wider than the drawn curves.indicate. -Near
the-Polar Circle, 2 smgulal inflection commences in ‘summer, and the ' temperature
rises rapidly-to the Pole. ' L ' S SR :
- These laws.of Intens1ty are subject to the ret‘udatron in tlme, mentloned in Sec-
tion IV, when applied to temperatures; and, thus will correspond, generally, with
observations. - For example, the thermometric column will, during the month of
May, rise fastel at Quebec than in Flouda, and still more 1apldly at the A1ct1cf
Circle. -~ :
- It was proved in Sectlon IV that the Suns intensity upon the Pole during
eighty-five days in summer, is greater than upon the Equator. Indeed, at the |
summer solstice it rises to 98.6 thermal units, corresponding nearly to 98° Fahren-
© heit, which singularly coincides with the temperature of the human body, or blood
heat Though this circumstance may invest the Hypelborean reglon with new inte-
rest, still, we cannot assume abnef tropical summer with teeming f01ms of vegetable_
and animal life i in the cent1e of the frozen zone. For the measuled 1nten51ty refers
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to the outer limit-of the atmosphere, tpon which ‘the sun shines continually, but
from a low altitude which cannot exceed 23° 287 Much of the heat must, there-
fore, be absorbed by the air, as happens near the hours of sunrise and sunset in our
“climate.” " Also “ the vast beds of -snow-and fields of ice; which cover the land, and
“the sea in those. dreary regions, absorb in the act of thawing or passing to the
liquid form, all the surplus heat collected during .the continuance of ‘a - nightless
summer, - But the rigor of winter, when- darkness resumes:her.tedious reign, is
likewise mltlgated by the warmth evolved ‘as’ congelatmn spleads over the watery
surface.” (Encyc ‘Drit., article Climate.) -~~~ = 7 - S e
The sun’s intensity may yet have a somewhat O'reater eﬁ'ect upon.- the: pole, where
it pierces a thinner stratum of the atmosphere than over another portion’ of ‘the
earth’s surface.. For, in consequence of the centrifugal force of the earth’s diurnal
motlon the paltlcles of ‘air in all other parts of the earth, beirg thrown outwards, -
tend to an increased thickness, in. spheroidal strata. “We might thence infer that
a less p10port1on of the sun’s rays would be absorbed, and a’ greater-portion. trans-
mitted through the atmosphere; to the surface of the earth. - However this may be
in the immediate vicinity of-the Pole; yet in the high latitudes hitherto visited by
navigators, and which are not nearer than about five or six hundred miles from the
North Pole, accordlng to - Dr. Kane and- others,' a dense and lasting fog - prevails
after the middle of June, through the rest of -thée summer season, and effectually
prevents the rise of. temperature Whlch the sun’s ‘intensity would otherwise produce:
The’question of-an’open; unfirozén sea in the vicinity of ‘the North Pole, has not
yet-been definitely settled. - In this connection we shall only glance at some of ‘the
¢vidences on both sides, without dlscussmg fulther a subJect st111 unleclalmed from
the domain of - uncertalnty SR ' DS
“Of ' this I conceive we: may be assured ” says Scoresby, Vol.. I - 46 w tha.t the
opinion of an opert sea around: the Pole-is altogether chimerical. - We must allow,
indeed, that when the atmosphere is free flom clouds, the influence of ‘the sun,
notw1thstand1ng its obliquity, is, on the surface of the earth or sea, about the time
‘of the summer solstice; greater at. the Pole by nearly one-fourth part -than at the
equator.? Hence itisurged t that this extraordmaly power of the sun destroys all the -
ice generated in' the winter season,and renders the temperature of the-Pole warmer
and more congenial to the feehngs than it is in some places lying near the equator.
Now, it must be allowéd, from’ tlie same principle, that the influence in the parallel
of 78° Where 1t is computed in the same Way to be. only about one f01ty-ﬁfth part

o

* “The general obscurity of the atmosphere arising from clouds or fogs is such, that the sun is fre-
“quently invisible during several successive days. = At such times, when -the sun is. near the northern ,
tropic, -thére’ is searcely any sens1b1e quantlty of lmht from noon to mldnwht " (Scoresbys Arctzc
‘Regions, Vol. I, p. 318.) ' .

" . “[T'he hoar-frost settles profuse]y in fantastlc clusters on. every prommence The who]e surface of thc
sea steams like a: hme kiln, an appearance called the: frost smoLe caused, as in other instances of the
'productlon of vapors, by the waters being still rehtlvely warmer than the 1ncumbent air. . At length
* the dispersion of-the mist, and the consequent clearness of the atmosphere announce - that the upper
stratum of the sea itself has become cooled to the same_standard a sheet of ice qmck]y spreads, and
often gains the thickness of an inch in.4 ‘single night.” -~
* See Section TV (17) The value was first determined. by Halley, Plil, Trans 1693
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Jess than what it-is-at the- Pole, must.also be cons1der’1bly greater than at the equa-
tor.  But, from. twelve years’ observatlons on the temperature of  the i 1cy regions, 1
have determined the mean annual temperature in latitude 78°. to be 16° or 17° F.
[that is, about fifteen degrees below freezing point]; how then can the temperatule
of -the Pole be expected to be so very different?’ - L

- After some further argument, the author. remarks in a note D« Should there be
' thd near the Pole, portions of open water, or- pelhaps even considerable seas mwht \
be produced by the action of the:currént sweeping away, the ice. from one 51de
almost as fast as it could be formed. But the existence of land only, I imagine,
can encourage an expectatlon of any of the sea northward of Spltzbergen being
annually free from ice.’ : : :

On the other hand, the followmo mdlcatlons in faV01 of an open sea,.are deuved
- from a recent article upon:Arctic. Researches announcing that “the existence of

the long suspected unfrozen Polar Sea has been all-but ploved ? '

First, it -was found that the average annual temperature about the 80th.parallel,
was higher by several degrees, than that recorded farther south. At the island of
Spltzbergen, for example, under the 80th parallel the, deer propaﬂate, and on the
northern coast the sea is quite open for a considerable time every year. But at
Nova Zembla, five degrees further south, the sea is locked in perpetual ice, and the
deer are rarely, if ever seen on its coast. This has led physical geovraphers to
suppose that the:milder temperature: of Spitzbergen must be 'tttrlbutable to the
well-known influence of proximity to a large body-of Watel while the contlgulty of
Nova Zembla to the continent was- thought to account for the severity of its climate.

Secondly, Captain Parry reached Spitzbergen in May, 1827 ; from thence he went
northwald two hundred and ninety-two miles in thlrty-ﬁve days durmg whlch
it rained almost all the time. The ice being much broken, and the current setting
toward the south, he could not make way against it, and was compelled to return,
which the current greatly famhtated ‘Besides the cunent here noticed by Parry,
others had been determined before and more. hwe been ascertamed since; so that
powerful currents,of the Arctic Ocean southwald may be consrdered as estabhshed

Thirdly, in 1852, Captain. Ingleheld while making his- summer search for Sir
John Franklin, in the northeast of Baffin’s ‘Bay, beheld with surprise “ two wide
~openings to the eastward into a clear and ‘unencumbered sea, with a dlstmct and
unbroken : honzon which, beautlfully deﬁned by the rays of the sun, showed ‘no
_ signs of land, save one island.” Furthe1 on he remarks, ¢ the changed appearance
" of the land to' the northward of Cape Alexander was very remarkable South of
this cape, nothing but snow-capped hills and cliffs met the eye; but to the north-
ward an agreeable change seemed to-have been W01ked by an invisible agency——
heré the rocks were of their Tatural black or. reddish-brown color; ‘and the snow

. which had clad with. heavy flakes the more southern shore.had only. partially.

: dappled them in this higher region, Whlle the western shore was. gllt Wlth a belt of

ice twelve miles-broad, and clad with perpetual snows.” :

- To these may be added the discovery of the southern boundary of an open Polar

1 'sea, in the. expedluon from which Dr. Kane has just returned, October; 1855.

“«“There are facts,” observes this distinguished explorer; « to- show the necess1ty and
certainty of a vast inland sea at the-North. There must be some vast receptaclé
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. 'f01 the dralnage ‘of’ the Polar 1eg1ons and 'theé great S1be11an Rlvers To prove that'
~water must actually exist, we have only to- observe the icebergs. These floating
masses cannot -be formed Wlthout terra firma, and it is a remarkable fact that, out
of 360°, in only 30° ‘are 1cebergs to be found, showing that land cannot exist in any
considerable portion of the country, ' ‘Again; Baffin’s Bay was long- thought to’ be
~ a close bay, but it'is now known'to be connected with the Arctic Sea. Wlthm the
bay, and covering an' area of ninety thousand- square miles, there is an open-sea’
- from June to October.” 'We find here a vacant space W1th Water at 40° tempelatule—"
elfrht degrees hlgher than fleezmg pomt 71 S '

3

sporroN 1x.
‘on THE DIURNAL AND ANNUAL DURATION OF SUNLIGHT AND TWILIGHT. ‘

Havixe. thus far COIlSldeled the 1ntens1ty of solar 1ad1at10n upon any part of. the
earth, we shall lastly pass to examine its duratlon

In sevelal ‘publications it has been stated that “ the sun is, in the course of the
year, the same length of time above the honzon at all places.”. On applying an
accurate analysis, however, it appears, as will presently be shown, that the annual
duration of sunlight is subJect to a very con81de1able 1nethty ~This. annual ine-
quality increases W1th the distance from the equator and 1s proportional to the sine
of the longitude of the sun’s perigee.

The longitude of the- perigee on Jan. 1, 1850, was 280° 21’ 25”, and i 1n01eas1n0' at
the rate of 61”.47 annually; the sine of the longitude of the perigee is theref01e
decreasmg in value every  year, and with it, the 1nequahty of sunlight. - At the
present time it amounts, in the latitude of 60°, to 36- hou1s—be1ng addltlve in the
northern, and subtractive in the southern hemlsphele That is, in the latrtude of
60° north, the total duration of sunhght in a year is 36 houls more, and in the
latitude of 60° south 36 hours less than on the equator.” At either Pole. the i ine-.
quality amounts to’ 92 hours, or more’ than seven and a half average days of twelve
hours each. ' SRR A :

The epoch When the 1nequahty was at 1ts hst maximum; is found by d1v1d1ng
the present excess of the long1tude of the ] perlgee above . three right angles, by the
yearly change. The excess, in 1850, was 10° 21’ 257, which divided by 617.47 gives
a quotient of 606.5 years wh1ch refers back to ‘the period of the middle ages
A.D.1243. - - g

: At a st111 carlier epoch th1s 1nequal1ty must have entlrely vamshed At that '

: A reference to Plate IV will conﬁrm what was before known from observatlons that the extremes
of summer and wmter temperature range through wider and wider limits from the equator tow ards each:
Pole. - The apphcatlon of this general law favors an open Polar sea in summer, as’ actually seen by
explorers; and more recently by Dr. Kane’s party in the month of August But it equally indicates
that the sea is frozen over in winter, when there appears no asswneble cause, but a calm atmosphere,
to mltlgate the most intense eold -
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.epoch the line- of the apsides evidently. co1n01ded Wlth the hne of, the equinoxes,
“which is computed to-have been about 4,000 - yeals before the ‘Dbirth of Christ, at
which time chronologists have ﬁxed the first res1dence of man upon the earth, The
luminous year was:then. of the same length at all latitudes, from- pole to-pole.-
Though the annual Duration of sunlight thus varies from age to age, and in the
northern hemlsphele differs from the southern; yet such is the law of the planet’s
elliptic motion, that the sun’s annual Intens1ty at any latltude north, is precisely
the same as at an equal latitude south of the equator.. This 1mmed1ately follows .
from formula (33) where the annual Intens1ty 1s developed in a series of powers of
cos L, which is always positive, whether the latitude L be south or north,
Proceeding now to-direct investigation, the half day with its augments, may be
‘ represented unde1 the genelal form,
. H 4+ increase by Refraction + Tw1hght
~ The ﬁlst term H is found from the astronomlc equatlon
- tan L sin o sin T -

cosH = -—tanLtanD— — vI—sita v and this may also take the form! of
f tan L sin o sin T '
H =T {sin—t A
2 (\/ 1 — sin* @ sin®. I’) ‘ ' (43)

Let w = 2 H, or twice the semi-diurnal arc} then the sum of all the d'uly
values of u thlouvh the year,  may be found by the method of summation descnbed
AT — )
2 (14 ecos (T—P))”’

’ gt [P
_ 2(1 —:ez) " sin (tcm L tan D) aT
fvu‘dw‘_‘n’w} ———“ (1 + ecos(T P))2 R

Whence, '

in Sectlon V.o By (22) we have d x =

“ (4'4.)'
d "
d

Wthl’l in the present case vamsh between the l1m1ts T 0 and T 271: as Wlll
appear flom developlncr wor 2H by (43), in telms of sin T For the annual Value :

The genelal f01mula of summatmn, Sectlon 'V, has the terms T + Tr g +

\ . therefore, 2 U= f udw. Developlng the denommator of (44), and Substltutlno' for
»D in the nume1ator ' s S B S

Csu 7cw+2(1—ez) f sin _1<t(mLsm(osm T)dTgl—Qecos(T-—P)
R E 0. ,

e v 1——sm mstT

' +3e cos (T—P)—- . (45)

A It i is. ev1dent that sin 1 he1e would develope in odd powels of sin T Whlch mul-
tiplied - by d.T, and 1nte01ated between, the limits of: 0. and 27t, will. vanlsh, as
appears from the. formulas of the Integral Calculus; when multiplied by.d T.cos T,
or d sin T, and integrated between the same hmlts they -also will vanish, being
powers of ‘'sin T, Also developmg cos (T—— P) into cos Tcos P + sin T sin P ‘and
neglectmg terms which would so- vamsh by 1ntegrat1on,

1 On this and the following pageés,‘sin=1 denotes the arc whose sine is z; where x represents any
given quantity. - .
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t g, D o
Su nw+2(1_ez)f2 (H— )dTg-—-QesmPsmT 40 (s* Psi® T -
n ,
- ’ + 3 smPcoszPsm Tcos2 T)-—— % L (46.) ‘
Here H ——-g has been substituted for its equal from (43); mnltiplyi’ng‘the —g

into the following term, and ”i‘ntegra‘ting ‘between the limits 0 and 27, the result
vanishes. Also the terms multiplied by 4 ¢ being srnall- it will be sufficient for

them to dev elope ﬁom (43), to the first power H— 2- = tan Lsmmsm T—....by

which theu' integral is 1mmed1ately found to be——- 4é tan L sin m X (sm“‘ P in

+ 3sinPcos P . ) or — 3 €' 7t sin © sin. P tan L. Bes1des th1s it only remains

to integrate the ﬁrst term dependmg onH sin T d T; ; but this conesponds to the
first term of the formula of annual intensity (23) and if S denote thermal days in

the Table of Section V, then f Hsin Td T=([3. 61540] Ssec L—E)4 cotL cosec o}
Whence ﬁnally, conveltmg 1nto hours, :

16 e(l—e) sinP
2618 nSnG -

+3e7tsm mtcmL+ % I (47)

X 21& ‘@ 12h : { ([3 61540] S sec L E’) cot L

~ On the equator, L 1% 0, and the Tast ‘part vanishes, leaving for the annual dura-
tion of sunlight, # 12%, where 2 denotes the number of days 365.24.

Therefore 12" represents the mean value of the annual duration of sunlight, and
the following terms express the' Annual Inequality. When the latitude is south,
both cot L and tan L change sign ;. 80 that the inequality then becomes negative.

7 For'A. D. 1850, sini P is negatwe substltutmg the value of th1s and the other~

~ elements for that epoch;

Su=g12" 4 [2.16700] % {[3: 61540]SsecL E’} cotL+[3 88 tOO] t(mL + (48 )
" Here brackets include the logarithms of the co-efficients. - By this formula, the
inequality may be 1eadlly computed for : any latitude between the Equator and. the

Polar Circle. - =

In the. fI'lO‘Id zone, the summer period of constant day W1ll make another formula,
necessary. . As explained.in Section V, the year in that zone may be divided into
four penods or intervals. At the’ beglnmng of the spring .interval, H is 0, and
D = —(90° —L); at the end of the spring and begmmng of the summer 1ntelval
H is 12" and D = 90° — L; at the end of the summer and begmmng of the autumn
interval, also, D = 90° — L; and at the end of the autumn interval D ='— (90°— L)

With these data, the equation st:sm o sin T or T = sin = (sz?zD) enables .

us to define the lenrrths of the intervals, Thus the summer interval is measured

by the sun’s longltude passed over from T = sin = <20;L> to I'=m—sin™ (Z(:;L),
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cos I

Sln (0]
daily motmn in 1ong1tude and mult1p11ed by 24, W111 glve the number of h0u1s of

or the length of the arc is 71 —2 sm‘l( ) . ThlS d1v1ded by , the ‘mean -

sinw//
" For'the sp11n0' and autumn mtervals when day and mght altelnate, the values
must- be found. by the geneml formula. of summation.  Here u = 2°H ==n

. sunshme durmg the summer penod which is- %-;( 7t —2 “sin—1 (COSL>>

+ 2sin—1 (tan L tan D) SR ; ST (49) L
due 2taaninm cosTadT . R '(50) '
(1 — sm o sm2 ) J 1 s 2 sit T . -
‘ n(1+ecosPcosT+ esmPsmT)2
\Vhence it W111 be seen that all the telms of 3 (R %'vaniSH. between” the
limits of T — sin—1 (COSL) sin (_ﬂ) andT_sm < COSL),SM,“l (co's L);
; Sin o \ sine /. SNe. . \sino

4ensinPsinoe tan L cos Tsm T

-3 (1——sm @ sm"’ T) J 1— smgz) sint T

Mmoo .
IIele make sinT
-cosL

except the followmg,

cos* L sin? Z tcm 7

sinto And
’ ‘ 3(1—6032Lsm2Z)
this when taken between the proper limits of Z —}— 909, — 90°, ev1dent1y Vanlshes

= sin 7 and the expl ession becomes den sin P sm LJ 1—

It only 1emams to ﬁnd f u d @ between the same 11m1ts for the sprmg and the

autumn 1nte1val These hm1ts shoW that the suns lonoutude passed over in the
cos L
Sine
Tlus multlphed by the first telm of u. Whlch 1s 7. or 152h and added to the like

result for the summer penod grves 12 X -2—7‘ orw 12h And 1f sinT=52 . os L sin Z,- or
n . Csine

two 1ntervals 1s 4 sin — ( )WhICh d1v1ded by n gives the numbe1 of days

sin D = cos L sin Z; then for the Whole year, in hours,

2(1-———e)3 o smLsm,7 AT
12h 1 51.)
2 ol 2618 f T (\/ 1—cos*L smz/> (1+3 COS(T P))Z( )

- It is he1e assumed that the integral will be: taken successwely between the hmlts

of 7 = _, g_, §‘"+ 5 that is through a Whole cucumference o .
| But d T=,£"iL cos7d = COSL s a7 ‘) _. " As the whole function
smmcosfl . sino Jl ~ cosL k7 L
‘ smm : .

' ’of z by which d Z is multlphed Would evidently- develop in odd powers of sin Z,
it follows as in the former opelatlon that terms Whlch would vanlsh by 1ntegrat1on
T . - .
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- may be” neﬂlected in advance leavmg for the last factor, p1e01se1y as in (46),
— 2 esin P sm T— 4 é (sm3 P sm3 T + 3 sin P cos® P sm TeossTy— o0

"""" os L sin 7 the ﬁlst te1m of the p1oduct i$
sino ,

. Sin L Sin VA > cosQL sin Z cos Z d 7
v1— cosstm2Z Sifiz & - cs*L ., .
o= == 2

St

—2e Sin P .‘sin (

e

Intevratmo th1s by parts, we have

2esinP.- Sm_l( ‘ smL sinZ J I—C&?_Lsm
‘ 'V 1= coszL sin’Z sm ©
Iy cos*L . , 7 d 7

— 2 e sm f
| - 1—cos*Lsin*Z

stnto

Multlplymg both numerator and denominator of the last term by the mdmal 1t takes
‘ (sin L —sin L cos” L sin* Z )

the form of - . osito. A sdeZ ,
o (1——cosstm2Z) J l_cos L sm?Z sm ) J s L sin® Z
e ~ st
sin L sin L
s @ ? sin? ¢
designate elliptic- functrons \Vhen 1nte0'1ated between ‘the above named hmrts
or an entire mrcumference, the f01mer term of the 1nte01a1 vanishes, leaving only
8esmPsmL (F’ cos o II’) < . e
st e . ’,
Developm«r only to the ﬁrst power the next term to be 1nte01ated is
3 4 k 5 A.
4 ¢ 321L£££)s_L_ sm L sm4 Z d Z Whlch between 0 and 2 71', glves ‘

- sinto
“cost L

\——3e nsmsPsmL —
sm W

be- omltted Whence L _ ; o
S = w12“ 166(1_62)33171P{SmLT - smLcos (‘)H

(sm L— ) I1; that F— sin L cot2 o. H Where the letters Ir and o

As the remammg te‘rms, a.re still srnaller they may

6018 nsine - Lsne. . . . Shoe
¢ nsm2PsmLcos4L e
e } (52)
n 1——e '

The multlphel for convertmg 2 w in Sectlon V mto thelmal d'tys S 1s
pe

365 24 sin L cos® mH’ - 1 5065 S - c0s*e
hence by (28
><15065 whence Y( h—= simo . 86598 . ‘smmF
substltutlng this, we ‘Thave for the year 1850 T

~sino. J;and

3 -

Eu:’mhlfz“ [2 16700] sin © g [3 61540] ' —E’+(1 __cos L)F’ ;

_ 82?1/&)
+[187213]smLcosL—|- - Lo (53

Here the modulus or eccentrlclty of the elhptrc quadrant is cosL
$

and the br ackets
mo’ A

denote logarithms of the co-eﬁicmnts " Such is the formula for the Fuorld Zone

-~
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* By means of equations (48), (53),:1 have computed the annual duration of sun-
lwht S (2 H), according to the rising and setting of the sun’s centre, -without regard
to refraction. = It is the half of 365.24 days, or 182.62 days increased by the quan-
tities in the followmrr table, for the northern hemlsphere, and d1m1nlshed by the
same for the southem hemlsphele — :

4"-),.

Annual Ine_quahty of Sunlzght

* Latitude.” [ Inequahty , ' Latitude.- R - . Inequality.
0° A7+ 0h, 00 m. _ 500-. " . + 24 h::08 m.
*10 S48 25 : 60 - 86 . bl-_
20 \ TooT 0 66 - 52
"~ 30 ’ 11 23 S - 80 - ) 86 02
40 16 - 40 o S 90 L 92 ~ 01

Having thus dlscussed the duratlon of Sunhght let us next cons1der its increase
by Refractlon, and by Twilight. The mean horizontal refraction, according to Mr.
Lubbock’s result,is 20757, or 34'85"; the barometer standing at 30 inches, and the

thelmometer at 50°F. But as this is somewhat greater than what has been usually
~ employed, we shall adopt 34’ as the mean. Value for determmmg the increase of
daylight by direct 1ef1act10n

With: respect to the duration of TW1hght A. Bla,vals who has made extensive
observations upon the phenomenon, observes, in -the Annuaire Météorologique de la
France for 1850, p. 84: « The length of twilight is an element useful to be known:
by prolonging the day, it permits the continuance of labor. Unfortunately, philoso-
phers are not agreed upon its duration. It depends on the angular quantity by
which the sun-is deplessed below the horizon; ‘but it is also modified by several
other circumstances, of which ‘the: pnnmpal is the degree of serenity of the air.
Immediately. after-the- setting of -the sun, the cuive which forms the separation
between the atmospheric zone directly illuminated by the'sun, and that which is
only illuminated secondarily, or by reflection, receives the name:of the.crepuscular
curve, or Twilight Bow.! -~ Some time- after sunset, this bow, in traversing the heavens
from east to west, passes the zenith; this’ epoch forms the end of Civil Twzhght and
is the moment when planets and stars of the first ‘magnitude begin to be visible.
The eastern half of the heavens being -then removed beyond solar illumination,
night commences -to all .persons in apartments whose windows open to the east.
Still-later the Twilight bow itself disappears-in the western horizon ;. it is:then the

end of Astronomic Twilight ; it is closed night. We may estimate that civil twilight
ends, When the sun ‘has declined- .6° below-the honzon and that a decline of 16° is
necessary to terminate the astronomic thhght '

- I depart here from the general opinion, which fixes at 18° the solar deplessmn
;at the end of - tw1hght and at 9° that which charactenzes the end. of . 01V11 twilight.

r1

* The phenomenon is eqmlly consplcuous in the West before the rising of the sun, and in certain
‘ states of the atmosphere is scarcely less beautxful than the 1a1nbow, for the symmetry ‘and vivid.tinting
‘of its colors. :



52 ; ‘ I\TTD\TSITY OF- SUN’S HEAT A\TD LIGHT.

The numbers which T have' adopted are derlved from uumerous observations.”

_ “The shortest civil tw111ght takes place ¢ on the 29th of September, and on the 15th
of March; the longest on the. 215t of June. The shortest - astronomic tmllfrht .
occurs on the 7th of October, and on the 6th of March: the longest on the: 21st of
June, in this latitude. Above the’ 50th degree.of latltude tw1hght lastb throurrh'
the whole night at the summer solstice.” \

.The analytic solution of the problem to find the time of shortest thlzg/at was ﬁlst -
given by John-Bernoulli’; the result found in Vanous works, is explessed by the
two equatlons : .

sin L = simEm

T v 2 coslat .
 Here ¢ denotes the duration of shmtest tw1hght and m is the sun’s dep1ess10n 16°
or 18° below the horizon. ‘

To" pursue the dlscussmn of the physmal details of twilight, would occupy too
A "much space, and we ~shall here only

glance at the method of Lambert for de-
‘termining the height of the atmosphere
~from twilight. The demonstration is

* based upon the examples solved in Geh-

- ler’s Physikalisches Worterbuch. - .

" Lambert found that when the ' -true

- depression of the sun below the horizon
-~ was 8°3, (b), the height of the twilight

” ~arch was'8° 30, (a); and when the true

~ depression ‘of the sun was 10° 42, the

- altitude of .the bow was 6°. 20, -

IR ' S " In:the ﬁgure let C denote  the centle
and A B the surface of the. ealth DE the outer limit of the atmosphere; B, the
place of the observer; and I, the position of the bow. :

Let r denote the reﬁactmn due to the altitude («), then the angle E B H=a—

=a." ‘When' the sun’s centre i apparently in the horizon'of A4, it is really about
34 below it. Denotmg thls ‘horizontal refraction by, and deducting it from b,
leaves the angle HBS=b—r=1V; where B S is parallel to the tangent 4 D..
But the ray ‘of light after passing 4 is further refracted by 7. or 34’ to E.-

*The angle HB S or'¥/, accordlng to a proposition’of geometry, is measured by-
the arc A B;: whence the- angle’d C B = ¥'; then drawing the. chord A B, and
' denotmg the ea1th’s radius by R, the isosceles tuangle A CB.gives AB=2Rsinb.

- In triangle A-B'E, the angle A is evidently 3 b—1'; and. deducting - the other
‘ three angles of the quadrllateral f1 om four 11ght angles, leaves the angle E = 180°

—-a—-b’-{—ﬂ then, : :
sin Eor'sin (a i b’———r’) sm(% b’-;1“) . AB: BE__ 2 R‘:Zi ?ab _:Zf (% I;)— T ) (54 )

.In the tnangle 'C B E, two sides and the included angle 90° 4 & are now given
to find the third s1de C’E from Whlch deductmg R, leaw os the required height of
the 'ttmosphere : .

; sin Dec. = — tan ¥ m sin lat.

N
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‘With this’ mode_of calculation, the first observations of TLambert, before stated, .

determine the height to be 17 miles; and.the second observatlons 25 miles. And
a still later. obselvatlon would have given a still greater height, owing, pelhaps, to
‘the mmfrhnor of direct and reflected rays., The subject awaits further improve-

ment ; though some extensions have been made by M. Blavals in the A7mumre-

Meteorolo__qzque de la T'rance for 1850

If we regard only the appealance of the T\Vlllght bow, the limits of the sun’s’

depression assigned by M. Bravais are doubtless nearly correct, namely 16°. for
astronomical, and 6° for civil tw111rrht ~But, regarding only the actual intensity of
light falling upon “the’ eye, it appeals that the effects of the bow are further
'increased by indefinite reflection among the particles of air, and this may increase
the average limits to 9° for civil, and 18° for astronomical twilight. Without

determining which view ought to be adopted, a mean has here been taken, and the’
following tables have been calculated on the assumption that the sun is "13° below the’

horizon at the.end of civil twilight ; and 17°, at the end of astronomic thlzght
The increase of the day by Reﬁactlon and by the tw111ghts may all be compre-
hended in one general formula. -Let m denote the sun’s depression below the

horizon at the end of either period; then-the distance from the Pole to the zenith;

90° — I, the distance from the Pole to the sun, 90° — D, the dlstance from the
zenith to the sun 90° 4 m, or three sides of a_ spherlcal triangle are glven to ﬁnd
_ the hour angle H 4 T, as in the following equation:—

— sin L sin D — sinm

cos(H-{—v)_ -

sinm
= + cos H —
= cos Licos D : - cos L cos D

" Here = denotes the increase by reﬁactlon or by T\Vlhght accordmg as m is taken
at 34/, at 73°, or 17°, S

- When twilight lasts: tkrougk the wkole mgkt it is ev1dent that at the commence-
ment and at the end of such perlod fv 12h H Substltutmg this value.in (55),
: —sin L sin D — sinm, - o
— 1= YIRS (. 01 cos(L—|—D) sinm; that is, D=90 —L——m (56.)
. The. corresponding yezuly 11m1t for constant sunlmht has aheady been found to
be indicated by D = 90° — L. - The: lowest latitude where this is poss1ble is evi-
dently L = 90°4—m, or at the Polar Circle., In like manner, the lowest latltude
where tw1hght through the Whole nlght occuls, is L 90° —o—m= 49° 32’ n01th
.- or south of :the equator. - :

‘During the'long’ nlght in the Polal 1eg10ns tW111ght w111 be, for a t1me im-
possible ;. that is, so long as the sun' continues more than: 17° below the horizon.

(55.)

- The limits of this period will be defined by maklng H +7 equdl to 0, in (55), ’

vhenceL D_90°+m, or D——-90°—m+L i (57)
The 001respond1ng yearly limit of sunlight is 1ndlcated by D=— 90° —[— L. But

~ the application of ‘these limits is reserved till after a/n expression for the annual .

duration of twilight has been found by the method of summation descnbed in Sec-
; tlon V For this PUIPOSG, equation (55) may be put under the form of '

i - Coosinm , ,
- + cos (cosH —_cos T cos D> _ (58 )

~
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.

. Developing,in: powers of sin m by. Maclaurin’s Theorem, 2

sinm. . Ysin®msinLsinD 11 sind m(coszL +(3sin’® 2T, 1) stD)
=V co § L — st D (cos2L —sin® p)z o (cos® L— sin® 1)) ' ; G 9) :
—%sm m( 3sinLsinD = | b5sin®Lsin*D’ ) L : :
8 (cos* L—sin* D)% . cos* L — sin* D)k

VVlth 1espect t6 the yearly limits already assigned, (55); (56), (57), we know that
in the lower latitudes, twilight recurs regularly, while the sun’s longitude 7' varies
from zero to an entire “circumference; but in the Polar zone, this continuity is

‘1nter1upted ~Still, in’ 1ntegmt1nor for the yearly dulatlon of tw1hght ‘between' the

proper 11m1ts 3 u + 7 g—-&: be1ng expressed in terms of san or smT W111 vamsh even

1n the Polzu zone, leavmg only f udw. And Wlth respect to d w, smce cos Td T is

d sin T, whlch multiplied into the, development of 7, would mteonate in powers of
sin T which vanish, we may reject all such factors in qdvmce, leavmg,

(= e)%dT[l 2esmPsmT+3e(cos2P—6032Pszn2T)+.‘.‘.. (60),

Were th1s multiplied mto (59), makmg U= 21‘, and substltutlng for sm.D its

equal sin o sin T, then 1nteg1at1ng between the p10pe1 limits, and dividing by 2

order to convert arc into hours of tlme, we should ‘obtain the annual duratlon of
twilight expressed in elliptic functions. It ,.W,lll,be_more _convement however to
resort to circular functions.

To obtain the duration of TWlllﬂ‘ht in another form, let N denote the 1nte1va1 of
Nzgkt from the end of the evening twilight to midnight, or from mldnlght to the
morning tW111ght computed by the sun’s mrdnlght dechnatlon The duration of
N will correspond to any assumed depression or elevation of the crepusculum circle, -
or to any compatible value of m. . Then V.= 128 —(H +7);

. sin L sin D |- sin m

| cosN=—cos(H—|— 'L‘) D)
AN -—Sm L—sin mst S ——Sin L—smmsm D

dsinD €08, Lcos’ Dsin' N ¢os D \/ cos® L —sinim — sin* D — 2 sin L sin m sin D

Developmg cos® D" 1nto the numerator under the f01m of (- 1— sm D)~ also

iesolvmg the radlcal into two ffz.ctms one of whlch is «/ cosZL—sm m, and de-

veloping the otherinto-the numerator to the fifth power of sin D ; then multiplying
the factors, and - employmg Maclaurm S, The01em, or integrating; also m'rklng
cos’ L — sin*m = s;5 . '

N=cos™? sin m smL st %sm m-cos>m ssz - sin L
; cos <cosL) S e st o e bt <6082L+2+
3sm iszrz m>s73D énm <0082m+2+35m L(l—l—sm m)+5sm4Lsm m> n4D

.;zglg){cosQL_l_ 94 3.sin*m (1 +osin?L) + % 48 5sznstm mz(sm;m + %“—) i
LS s ~

85 sin* L sint m} 5D__smm]' 3 sin® L (1 + sin® m) + %
- e 25 10032m+2+ .
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5 smzL(sm m (smzL + 3) o+ Z) + 35 sm“L sin®m (3 & sin? m) +

8% i e e
315 sm“Lsm M) g e e
D—.... , 62.
: _ 20 st }sm ‘ ( )
' I—Ieré let us put cos N r, sm;n_l and denotmg the co-eﬁi(:lents of st sm"’D
08

by Nl, N, .... we have, ‘
N_N’ lemD——Nzsz7z2D——Ngszn3D—N4sz7z4D—
Multlplymg this by the fmmer series for d x, and 1ntegmt1ng the p1oducts after

‘ substl'cutmoF sin ® sm T for sin D, and- d1v1d1n0' by 5 ‘

2 o B T ’ N 3
. 22N_%(_1Z;e)‘ gN'[T(1+3e cos® P)+2esmPcosT—3e cosQPf+
| +S’mcoN1[(1+3e cos P)cosT+2esmPf+3e cos2Pf+ ] -
S - - ﬁ2N2 (1+3e coszP)f—QesmPf——Se cosQPf—— A
‘im;l? [(1+3e cos2P)f———2esmPf—3e cosQPf— ~ ] (63) |
§2n20§“\2[(1+30 cosZP)f——QesmPf———S é cos 2Pf—— : ] - .
13”5 21}5[(1-}-3(3 cos’ P)f—QesmPf——3c cosQPf—’ : ] AR
1,821?3(,‘)37;.6[(14_36 coszP)f—QesmPf——3e cosQPf— ...... +C’§
Ille integral signs here de51gnate the following quantltles —
2 _____sm?T I
f fsm TdT—x-. 7 .ty
_ 3 _cosST 3cosT ,
. f_fsdeT 19 e |
- s ,sin4dT - sim2T 8T .
oo f fsm TdT_.' —1 +—§ R (64.)
R ___cos5T 5cosST 5cos T '
f fsdeT = g
e smGT Ssm4T 15sm2T+5T
RTINS f_ 192, 64 64 16 R
In the yeal 1850, m_23°27 P._ 280°22%’ é= 01676 n__3—§5-7t2—4 1+3e cosgP
1000027 2esmP—--—— 0329725 8 ¢ cos 2 P —.000788; 2_4_%77‘3)_5_443 89.

I‘or the lower and mlddle latltudes Whele 2 N and 2 (H + 7) alternate in-every
twenty—four hours through the- year, we may integrate thlough an entire circum-
ference. In.this-case, equation (63) is materially. simplified; and .denoting by
“brackets the common logarlthms of the co-efficients, : -

S 2 N=[3.44564] N" —[1.26253] N, — [2.04360] N, — [ 1. 55940] N, s
=D 03944]M-— [3.37930] N, — [3.68312] N— } (65
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At the Pole the- duratron of ‘twilight is easﬂy found by notlng in the ephemeris
the . tlme at which  the sun’s declination south, is. equal to. the depression of the
crepusculum circle below the horizon ; this instant and the equinox being its limits
of duration. . As before 1nd1cated the limit of refractional light is When the sun is
34 below the hor1zon or m = 84; civil twilight, when m = '7%" ; and common or
astionomical tW1hght When m = 17° - Thus we shall ﬁnd e

Annual Duratwn -

Sunlight. < Refractional ‘ 'Civil o ; Astryonomic ) ‘Darknes‘s."
. x(2H). - Light. -~ | Twilight. Twilight. CI(24).
North Pole. | 186d. 11h. ~2d.'22h, 38d. 15h. 94d. 16h. | 84d." 3h."
Lat. 400, . : 183d. 8h. = 1d. 14h. - [0 21d.. 6h. . 49d. 2h, - - | . 132d. 20h.
Equator, ~182d. 15h, - - = C1di bh. . 15d. 21h. - . 36d. 1h. Nk 146d. 14h.

o

From this table it appears that the annual lenorth of d'ukness dlmlnlshes from
the equator to the pole; while the ‘duration of fAVlhO‘ht increases from’ about one
month on the equator to three months at the Pole. In this latltude, about thirty-
eight howrs of daylight,: -at the sun’s rising and setting, are annually due to atmo-
sphenc refraction.” The second, fifth, and sixth columns correspond to the formula.

(QH)+.§,‘(2fz‘)+2(2N)_365“6h = : '

In further illustration of this subject, the duration flom noon to mldnwht or from
midnight to noon, of Sunlight, Astronomic Twilight, and Dalkness are exhibited
to the- eye in the accompanying Plate V, for every day in the year, on different
latitudés, ~On the. equator,’it will be seen that Twilight has its least value, and is
almost’ un1f01m through-the year.” ‘In the latitude of 40°, the hmltlng curves of
twilight bend upward in an a1ch-11ke form. - The upper - curve.at"the same time

recedes from the lower, and encroaches upon the duratlon of datkness, till, as shown
" for latltude 60°, twilight lasts through the whole night in summer. If the first
and last extremities of the curyes at January and December be united to complete
the circuit of a yezu darkness there, will be represented by an elliptic segment ;
the longest nights- and shortest days belng at mid-winter. * In approachlng the
hlghest latitudes, the lines which' form the limits continually change their inclina-
~ tion, till at the Pole, they become perpendlcular to their position - at the Equator
. The present Section contains formule and tables for determining both the diurnal
" and the yearly hml_ts‘of twilight, ‘with tabular examples for A. D 1853, computed
for 34/, 7°°30', and 17°, depressions of the crepusculum circle below the horizon; the
reasons for which have before been stated.: ~Although these phenomena are: varled
by mists and clouds and by the atmospheuo temperature and density, still the
: 'assumptmn of mean depressmns has been necessary in order to obtain a general
view of their laws of continuance. The duration of moonhfrht wh1ch is unattended
by-sensible heat, has not been dlscussed -From this source,’ the reign of night is
still furthel dmnnlshed £ill 1 in this latltude, the 1 remaining duration of total darkness
-after tw1hght and moonhght ‘can scalcely exceed three months in the year. - The -
interval towards the close of astronomic or common twilight, corrésponds to what
s commonly termed in the country, “early candle-hght » when _the ghmmermg
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landscape fades on the ‘sight, fmd the stals becrm to be VlSlb].e The end- of ccivil
twilight marks the time at which some mty corporatlons in ]]ulope are sald to: have v
~made regulatlons for hghtmg the street lamps. . .~ :

In conclusion, without entering into further details, the connectlon of solar heat :
and light has enabled us to exhibit, by the same formule and curves, the intensities
of ‘both in common. Indeed so close is the analogy that ¢ven the monthly. height
of the mercurial column, which shows the temperatule 1nd10ates generally the
-average intensity of sunhght in that locahty :

| Half 'Days, or Semi-Dz'urnal Ares, in tZzé Northern Hemisphere.

©1853. | Lat. 0°. | Lat. 10°, | Lat. 20°. | Lat.. 30°. | Lat. 40°, | Lat. 50°. | Lat. 60°. | Lat. 70°. | Lat. 80°. | Lat. 90°.
b m | homs | hom. [“h) i | B ome | heom|"hem. | hom | hom. | homl
Jan. 1 6 00 | -5 43.1.5 24 5.03:1 437 | 858.1..251..000 0 00 0 00-
“ 16 6 00 | 544 528 5 09 4 45 411 3131 0-00 0 00 0 00
“ 31 6 00 548 .| 5 35 518 -5 00 4331 83491 204 | 000 0 00
Feb.. 15 6 00 {-5 51 541 | .5 30 5 1% 458 429 {329 000 000
| Mar.- 2 |-6-00 5 55 550 |"5 44 5 36 5 26 510 440 3007 000
“17 0] 6 .00 559 | 558 557 5 56 5 b4 5.51 546 | 5 32 0.00
\Aprll 1.] 600! 604 | 607|611 | 616 | 622 | 632-| 651 | 7491200
16 | 600 | 607 | 615 | 624 | 635 | 6.50 | 712 |7 59 [12 00 |12 00
May 1°{ 6 00:. 6 11.{ 6-22: 6 36 6 58 7115 752779 12°(12.00 | 12:00
“* 16 | 600 | 614 | 629 | 646 | 708 | 738 | 828 |'10 50 [12 00 12 00"
“ 381 | 600 616 6 34 | 6 b4 T 19 7 55 1-8.58.1'12 00 |12 00 |12 00
| June 15| 6 00| 6 18| 6861 658 ' 725" 804 | 914 |12 00 |'12 00,| 12 00
July. 1 .| 6 00 6 17:1.6.36.° 6 57 | .71 28" | 802 9 09'{12 00:[12 00| 12°00
1o 16 600 616 | 6337 652 717 751 8 517112 00| 1200 .| 12 00!
“ 81 1600 6137|628 644 | T 04 7821 8197110 20°[12 00 | 12700
Aug. 15 6 00.|" 6 10.{ 621:] 633 648 7 09:} 7 42°| 85312 00 | 12:00-
_ ¢80 6 00.1 606 1,613 621631 | 644 70471 7 43110 14| 12°00°
Sept. 14 - 6 .00 - 6 02| 6°05°| 608" 6 11| 6 16 6 28°| 6.37 | 7 18 {12700’
40291 6700y 5 59| 5 57i|~5 54| 5527|256 48] 54875 83| 5.03|-0:00:
Oct.- 14| 6:00~] 554 548 | 5417 5382 |- 5 20| 5 02| 4 27+ 220+ 000
S 29 6 00 | 551 5 40 5 28 513 | 453 4 22 3.14 | 000|000
‘Nov. 13 6 00 5 47 5 33 5 17 4 57 4 29 3 43 1146 0.00-1 000
“ 28 | 600.| 544 | 527 | 508 | 443 | 409 8309|000 | 000 | 000
1 Dee. 13 | 600 | 543 | 524 | 503 | 437 3 57 2491 000 | 000 | 000
Increase of the Half Day at Sunrise, or Sunset, by Refraction.
1853. Lat. 0°]| Lat. 10°. | Lat. 20°. | Lat. 80°, | Lat. 40°. | Lat. 50°, | Lat. 60°, | Lat. 70°. | Lat. 80°. | Lat.,90°,
. m. m. m. m, - m. m. m. m. m. m,
January 2.5 2.5 - 2.6 2.8 | 3.3 4.4 6.7 . 0.00 0.00 0.00
February 2.4 2.4 “2.5 2.7 3.1 3.8 5.1 9.0 0.00 0.00
March 2:3 2.3 2.5 . 2.9 3.0 "8.8 | 4.6 - 7.0 14.0°°| "+ 0.00
April 2.3 2.4 2.5 2.8 3.2 3.8 5.0 8.0 . 0.00 0.00
May 2.4 2.5 |..26 | .32 351 .45 6.1. 22.0 0.00 | 0.00
June, 2.5 2.6 2.8 3.1 3.7 4.9 7.6 0.00 0.00 0.00
-July 2.5 252l v 30 8L AT 6T 70,00 0.00 0.00.
August 2.4 | 25 2.5 28 | 82 | 40 | 5.2 9.4 0.00 | 0.00
September | 2.8 24 2.5 T8 U8 | 46 7.0 14.7 0.00
October 2.3 2.4 2.5 2o 81|80 491 1.5 24.3 0.00
November | . 2.4 2.5 2.6 2.8 3.2 3.9 5.9 16.3 0.00.|. 0.00
December 2.5 2.5 o9 BT 46T D 0.00 0.00 0.00
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Duration of . Civil Twilight, Morning or Evening. .
1853, Lat. 0°. | Lat. 10°. | Lat. 20°. | Lat. 30°,’| Lat. 40°, | Lat. 50°. | Lat. 60°. | Lat. 70°. | Lat. 80°. | Lat. 90°,
S m, m | m .| m m, m., - { h.m. ‘}:h.m’ h. m. h. m.
January 32 33~ 34" 37 43| bY 116/-321*1.000 | 000
. February 81 31 © 82 35 40, 490 115 140 4:012:0.00
March 30 30 32 .35 -.89 -50 -] 103 129 3 04 |12 00
April - 30 31 - 38 36 c 41 b0 ] 108 2 09 0°00 | 0 00
May 32 -+ 83 T 34 42 - 45 58 1371100 0:00 0 00
June 33 34 36 *40 48 64 2 4611 .0 00 0 00 0 00
July 82 | 83 | 85 39. | 46 | 6L | 203 |-000]| 000| 000
Aungust 31| 82 33 36 . 42 52 1-15.1 -3 07t -0 00 0 00
September 30 | .81 32 85 .. 40 47 102 .1385.] 4421 0 00.
October 30 31 32 -85 . 40 - | 4% 101 1381 3.26 |12.002
November | 31 | 32 | 34 .| 37 | 42 "|"'51 | 110 | 216 000 | 0 00
December 33 | 33 35 .88 | - 44 ;.60 -1 1 22 1 2.42¢| 0.00 0 00
+ = Duration of Astronomical Tiwilight, Morning or vening.
1853. Lat. 0°. | Lat. 10°. | Lat. 20°. | Lat. 80°, | Lat. 40°, | Lat. 50°, | Lat. 60°. | Lat. 70°. | Lat. 80°. Lat. 90°.|
: . hom | h m | hhm:| h.m | h m . b m:| h m'| h..m { h. m. -] h. m.
January 1:13 1:18 )0 1 17+ . 1.247)-1°89:): 156 | 2881 5:29°| 4352 | 0 00
February .| 1:10-}.-1:10 114-1.1:20.{-1.30"}.~1 43,2 20 | 8 82.| 7 49*|12 00°
March 1:08.] 1097 112 119 1:30 1 48:1 2°21 3 44 6 29' 112 00°
April - 1:09 1-11 115 124} 1 36 2-017{-8306-1 4:01:|/.0 00 |:0.00
May - - 1-12 | 1:14 119 1-29 |- 1.48-| 2.37-{ 333t} 1:10t,-0 00 | 0:00
June - 140 1010 123 135 1.59 3 56| 2461 000 | 000 [ 000
July 1.13 |- 1:16-4 1°21-| 1 32 1541 2597 8.09] 000 000 | 000
August SL:100 1120 1164 10256 7.1 40 2 11-| 418 307*{ 0 00-| 000
September| 1.08 | 109 | 113 | 118 ] 181} 151 | 230 | 523| 4742110 00
October 10917110 113 1191291 1 4% 2 18 3 25 7 48 |12 00°
November | 1 12=:.1 12+ 1 15:)-3-22 1 183+|- 152 229 1. 414 543* |0 00
December |- 114 1-157|. 1 187[- 1 25:|: 1'87:-2.00 |- 2 47:{: 5 08| 3 33%|.0 00

1 Tw111rrht through the whole mght.

NOTE -—Astronomlcal Twﬂlght mcludes the duration of Civil Tw1hght

: Twilight without day.

PUBLISHED BY THE SMITHSONIAN INSTITUTION,
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